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Bsegerune

AcTponsoil Ha3bIBA€TCS THITOLMKJION/A C UeThIpbMs ocTpusiMu. Henashee
TNOsIBJICHHE aCTPOM[ U THIIOLMKIION], B Ka4eCTBe OTBETOB M MOJeJlell B LieJIoM
psiZie Pa3/IMUHBIX 3a/1a4 TEOPHH OCOOEHHOCTEH, TEOPHH KAaYCTHK H BOJHOBBIX
(bpOHTOB, TeOpHH 3BOJIOT M IBOJBBEHT CHAEJNANO SICHBIM (PyHIaMeHTalbHOE
3HAUYEHHE 3THUX OODBEKTOB M INPHBEJIO K OTKPBITHIO OOJIbLIOTO YHCJA HOBBIX
(haKTOB, OTHOCSILIMXCSI TO K IeOMETPUHM W aHa/M3y, TO K (DU3HKE H TEOpPHH
pacnpocTpaHeH sl BOJIH, TO K CUMIIEKTHYECKOH U KOHTAKTHOH TOIMOJIOTHH, TO
K BapMallOHHOMY HCUYHCJICHHIO H ONTHMAJbLHOMY YIIpaBJeHHIO.

[TpocTefilinM npuMepoM 3ajaun recCUaHOBOMN TOMOJIOTHH SIBJISIETCS BOIIPOC
0 TOM, CKOJIbKO KOMITOHEHT CBA3HOCTH MOKET HMEeTb NapabosinuecKas KpuBas
rpachyika MHOrouJIeHa JaHHOH CcTereHH OT JBYX nepemeHHbIx. Hanpumep, ais
MHOIOYJ/IeHa YeTBepPTOH CTEIeHH UMCJI0 KOMIIOHEeHT JIMHUM HyJlell reccuaHa He
GoJiblile YeTblpeX, HO MHOTOWIEH C YeTbIpbMsl KOMIIAKTHBIMM KOMIIOHEHTaMH
HEH3BECTEH.

OO6HapyKeHHe CBSI3H MEXKJy IeCCHAHOBOH TOMOJIOTHEH H acTpPOoMa/bHOM
reOMeTPHEl SIBUJIOCH TTOJIHOH HEOXKHAAHHOCTBIO W HEMENJIEHHO ITIPHBEJIO K
OblcTpoMy 1porpeccy B o6eux 06J1acTs1X, KOTOPbIA W OMHMCaH B HACTOSILLEM
ob3ope.

M3 310i1 TeopuM BbITEKAET, HAlpUMep, UTO MPOCTPAHCTBO OAHOPOJHBIX
MHOTOWIEHOB UeTBEpTOH cTenenu f(x, y), BTopoll audhepeHunas KOTopbIX B
KaXK/I0H HEHYJIEBOH TOUKe HMeET TUrepOoIMuecKyto curHatypy (+, —), cBA3-
Ho. JlokasaTesbeTBO 3TOro hakTa, OMHCAHHOE HHUKE, OMHPAETCsl Ha JeMMYy,
KOTOPYIO 51 0OHAPY2KHJ/I 9KCIIePUMEHTaJIbHO, a 3aTeM JI0Ka3aJsl PH HEKOTOPbIX
ClellMalbHbIX 3HAUEHUSIX BXOJALIMX B 3ajauy napamerpos. Obliee J1okasa-
TeJbCTBO, HafieHHoe nosxe ®.AWKapau, HCMOJB3YeT, K COXKaNeHHIo, Tsl-
JKEJTYI0 aPTHIIEPHIO KOMITBIOTEPHOH KOMMYTATHBHON anreOpel, He Goslleics
NepeMHOKaTb 'POMO3JKHE MHOIOUJIeHbl OT MHOTHX [epeMeHHbIX.

DTO0 KOMMbIOTEPHOE J0Ka3aTebCTBO (FPOMO3JKHUX ajre6panyeckux To-
XKJIECTB) MOATBEPXKIAeTCsl COBMNaJeHHeM pe3yJ/bTaToB IIPH BCeX TeX 3Haye-
HHAX NapaMeTpoB, TMPH KOTOPBIX M3BECTHO TOUHOE AHAJIUTHUECKOE PELIeHHE,
a TakXKe COBIIAJIeHHEM ACHMIITOTHK, BO3HHKAIOUIMX B INPEJIeNbHBIX CJIydasx;
HO OECKOMIMbIOTEPHOTO TOJIHOTO J0KAa3aTe/IbCTBA MOKA HET.

TpynnocTb npeacrabisieT 34ech TeCHO CBsI3aHHAsl ¢ aCTPOMJAJILHON reo-
MeTpHel TeopHust oru6alolIMX HEKOTOPbIX alreOpandeckux ceMefcTs napabod,
YI0BJETBOPSIIOLLMX ypaBHeHHUI0 Tecce. XoTsl 9TH BOMPOCHI OTHOCATCS K aJjire-
Opauueckoi reoMeTpud (U, ¢ APYyroil CTOPOHbI, K TEOPUH HEPaBEHCTB MEXKIy
MPOHM3BOHBIMH TPUTOHOMETPHUYECKHX MHOTOUEHOB (DHKCHPOBAHHON CTere-
HH), yclex JOCTHraeTcsl JIMIIb 3a CYeT KOMIbIOTePHOH asreGpbl.
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[IpocTpancTBo «runepGoONHUUECKHX» OJHOPOAHBIX MHOTOUJEHOB CTEMeHH
LIECTb YK€ He CBSI3HO (@ MMeeT 10 MeHblUel Mepe JiBe KOMIOHEHThI, pasJ/n-
yarolyecss UHAeKCaMH ToJiell KPEeCTHKOB HyJlell BTOPbIX A depeHunaon).
Bonpoc 0 BO3MOXKHBIX 3HaUeHHsIX MOJAOOHBIX HHIEKCOB TaK:Ke BXOJHT B rec-
CUaHOBY TOTIOJIOTHIO, OcHOBaHHyto B [3], [11], [12].

[eccnaHoBy TOMOJIOTHIO MOXKHO paccMaTpUBATh KakK TJiaBy KaueCTBEHHOH
Teopud IudepeHIMalbHbIX YPABHEHHH C YaCTHBIMH TIPOU3BOAHBIMU (B TOM
»Ke CMblcJie, B KAKOM IeOMeTpHsl €BKJUA0BON MIOCKOCTH — YACTHBIH cJydai
puUMaHOBOF). ABTOp cTpeMHJICs BCioly H3GeraTb 0000IIeHHH, faxe Harpa-
LIMBAIOLLIMXCS, OFPAHHUMBASICH MPOCTEHLIMMH CO/lepKaTeIbHbIMH 4aCTHBIMH
CJIyuasiMH, OTHOCSAILMMHUCS K Oyayluel oOLell TeOpUM MPUMEPHO TaK, KaK OT-
HOCHUTCS TEOPHSI TAPMOHHUECKUX (DYHKUMEH K OOLIEH TeOpHUH JUTUIMTHUECKUX
JuddepeHaNbLHBIX YpaBHEHHH.

Arrop Gaaronapen @. Aukapau, A. Optui-Posapurec u B. M. Iyposity 3a
MOMOLLb B KOMIbIOTEPHOH TOJArOTOBKE 3TOH CTAaTbM K MeyaTH, a TakxKe Tila-
TeJIbHO OTPeNaKTHPOBABIIEMY M KOe-TJe Pa3bsSCHUBILEMY MO€ H3JI0KEeHHE
B. Knenupiny — 3a noJ/ie3Hy10 KPUTHKY.



MABA |

KAYCTUKU U TUNEPBOJNIMHHOCTDb

1. Kayctuku nepumoamdecknx pyHKUMN

Pacemorpum raaakyo ¢ydkuuio g: S' — R. Bynem o603Hauath TOUKy
OKPYKHOCTH uepe3 ¢ (mod 21t), a TPOU3BOAHYIO MO apryMeHTy ¢ 6yaem 060-
3HAYaTh LITPUXOM.

Onpepenenue. Kaycmukotl nepuoduueckor ¢pyuxyuu g Ha3blBaeTCs
KpHBasl Ha €BKJIMAOBOH MJIOCKOCTH C JE€KApPTOBLIMH OPTOHOPMHPOBAHHBIMH
KoopauHatamu (A, B), cocrosiiast U3 TeX TOUYEK MJIOCKOCTH, AJIsT KOTOPBIX
(yHKLHS apryMeHTa ¢

G(A, B;g) = Acos ¢+ Bsing+g(g)
HMeeT HeMOpCOBCKy}O KpI/ITI/IqQCKy}O TOUKY:
39 €51 G'(A, Big) =0, G"(A, Big) =0.

IMpumep. Kaycrukont dynxunu g(@) = cos(2¢) saBnsiercst actpouna (cm.
HHXKeE)

{(A=—4cos’ g, B=4sin’g)}.
3ameuanue. KaycTika ecTeCTBEHHO NapaMeTpH30BaHa KPUTHUECKOH Tou-
KOH ¢.

YpaBHenus G' = G" = 0, JuHeliHble oTHOCHTENBLHO A W B, N0OCTaBJSIOT
riajakue yHKIUH-pelleHus

{ A=gs+g'c,

B=-gc+g's, (s =sing, c=cosq)

KOTOpBIE BbIIlIE M BBIUHCJIEHBI 17151 g = C0S(2¢).

Teopema 1. Hanpasienue kaycmuxu 3adaemcs sekmopom (c, S) Ha-
npasAeHus @, a UMEHHO,

dA dB ! I
d—q)_cR, d_cp_SR’ ede R=g +g".



HokaszarenscTso. duddepeniypys npuBeeHHbIe BhILIe SBHBIE (hOp-
MyJIBl, TIOJTydaeM
dA
d_(P :glc+glls _glls+glllc’

@_ / _ I I 111
dcp_gs gc+gc+gvs,

4TO H Tp€6OBaJ10Cb J0Ka3aTb. O

Jns1 nasmbHERIero pelaolyo poJb UTPAeT OPTOTOHAJIBHOCTh 3aAaHHOH
Ha OKDY2KHOCTH (PyHKLHK R TeopeMbl | dyHKUMAM 1, cos ¢ u sin .

Teopema 2. Paduyc kpususnor kaycmuku & mouke (A(yp), B(y)) pa-

sen R(p).

HokasateabcTBo. Bekrop (c, s) ectb (o Teopeme 1) BekTOp CKOPO-
CTH JIBMXKEHHUS BJIOJIb KAYCTHKH CO CKOPOCTbIO euHulla. O603HauuM uepes S
JUIMHY KayCTHKH (OTCUMTBIBAEMYIO B 3a/laHHYIO STHM BEKTOPOM CTOPOHY). Jlisi
BekTopa 2(¢) = (A(y), B(¢)) Mbl nosyuum Tora

dz _dz dS _ dz d_(p_(c)/K

dp — dS dp  dS/ dS~ \s

d
rne K = % €CThb KPHUBHM3HA KAayCTHKH (C HYXKHBIM 3HAKOM, OTpee/sieMbiM
OpHEHTALMSIMH MJIOCKOCTH U KaycTHKH). KTak, no reopeme 1, nmeem R = 1/K,
4yTo U TpeGOoBaJOCh 10KA3aTh. O

Mpumep. asi crangapTHoil actpouisl g = cos(29), {(A = —4cos’ g,
B = 4sin’ ¢)}; nostomy ee pajuyc KpHBH3HbI ecTh R = 65sin(2¢p).

Paanyc xpuBusnsl o6pariaercs: B 0 B ueTblpex TOUKAX BO3BPATa aCTPOUJIBL.
On maxkcumanen (£6) B cpeIMHHBIX TOYKAX KayCTHKH, JIeXKalX Ha MOJTYTH
MeXKJIy JIByMsi COCEIHMMH TOUKaMH Bo3Bpata (B Toukax A = +v/2, B=4+/2).

PaccmoTpuM Bee KacaTesibHble K Halllel KayCcTHKe-acTpouie npsimMble. Op-
TOTOHAJIbHAS TPAEKTOPHUST 3TOrO CeMeHCTBA MPSIMbIX HA3bIBAETCS IBONbEEH-
moii (WM 80AHOB6IM (DPOHMOM) UCXOJHOU acTPOUJIbI (TaK Ke onpeessi-
10TCsT (DPOHTBI 0G0 MCXOAHON KPUBOH-KAyCTHKH — 3TO TPAEKTOPHS KOHLIA
CMaThIBAEMOH C KayCTHKH HUTH). [|THa CBOGOHOH YaCTH HUTH — 3TO PaalyC
KPUBH3HbI 3BOJIbBEHTHI (puc. 1).

O0uH u3 80aHOBbLX hpOHMOB acmpoudel cam A8AsLEMcs Acmpoudoil.
Ou BIBOe MeHbllle UCXOAHON aCTPOUABI M TOBEPHYT HA 45° OTHOCHTEJBHO
Hee. CpeMHHbBIE TOUKHM €ro OTPE3KOB MEX/y €ro COCeJHUMH TOUKaMH BO3-
BpaTa Jiexar Ha ocsix koopauHaT A u B Ha pacctosiHnM | OT LeHTpa acTpous
(Tak Kak (pOHT BJBOE MeHblle KayCTHKH, a JJ1s Hee PAacCTOsIHHE OT Cpe/liH-
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HOH TOUKM Ha MOJIIOpPOTe MEXKIy ee TOUKaMH BO3Bparta JIo LeHTpa paBHO 2,
nockoibKy 4 sin’(n/4) = 4(v/2/2)* = v/2).

LleHTp KpUBH3HBI PPOHTA-IBOJLBEHTHI B €10 TOUKe Ha KacaTesIbHOH K Kay-
CTHKe eCTh TOUKA KacaHHsl 3TOH KacaTesbHON ¢ KayCcTHKOH. B HalleMm ciyuae
(Toukn hpoHTAa HAa OCH KOOPAMHAT) 3TOT
LIeHTP eCTb TOUKA BO3Bparta KaycTHku. [To-
3TOMY pajiiyC KPHBH3HbI (POHTA B TaKOH Kaycmuka
ero cpeHHoOl TouKe paBeH 4 — 1 =3=6/2,
KaK U JI0JPKHO OBLJIO TIOJyUHTCST /15T (hpOHTa,
BJIBOE MEHbILIEro, YeM KayCTHKA.

Teopema 3. Arwomepruposanmas Oau-
HA KAYycmuKku pagHa HYyao.

AnomepHuposannoil OAuHOL KPUBOH
Mbl Ha3blBaeM CyMMy JUIMH €e OTPE3KOB
MEXKJly ee TOUKaMH BO3Bparta, C MeHsIOLIH-
MHCS1 IPH MPOXOKAEHHH KaX/I0i TOUKH BO3-  Puc. 1. DsonssenTa acTpousisi
Bpata 3HakamMu. Mbl npenosaraeM 3J€ech,
4TO 3TH TOUKH BO3Bparta — TNpocTeiiine (MoayKyOHuecKue), 4To BEPHO sl
(yHKIMH g 06111ero ToJoxKeHust. B Tepmunax (yHKImKM R 3TO yCJ0BHe 03HA-
YaeT NMPOCTOTY HyJeH.

Hoxasateabctso. Pynkunsa g’ + g = R(¢p), Oyayun npou3BOAHOH,
opToroHaJjibHa (PyHKIMH | Ha OKPY»KHOCTH, T. €. ee HHTerpaJs paBeH HyJo. Ho,
MO OMpe/IeIEHHI0 KPUBH3HBI,

~ R S T
0‘/”“))‘1‘9‘/!«@ d“)‘/dq)/dsd@—/ds*

rie dS — 3JeMeHT JJIMHBI, OPUEHTHPOBAHHOH HarpaB/leHHeM BeKTopa
(A" =cosg, B =sing). A 370 HanpaBJ/ieHle MEHSET OPHEHTALHIO KAYCTHKH
MpH TMPOXOXKAEHUH TOUKH BO3BpaTa, MOCKOJNBKY Bektop (A", B’) 3aBHCHT
OT () HEMNpepbIBHO, & OPHEHTHPYIOUIMH KAayCTHKY BEKTOP MEHsSieT 3HaK NpH
IIPOXOKACHHH TOUKH BO3BpaTa. O

Teopema 4. Kaycmuka nepuoduueckoil GyHKyul umeem He MeHvule
4 mouex gosspama.

HokasarteabcTBo. Oynkuusi R = g’ + g opToroHasbHa Ha OKPYXK-

HoctH yHkuusam (1, cosq, sing). CorsacHo Teopeme llItypma—Iypsuua
(em. [1], [2], [3], [4]), Takas dyHKUMSA uMeeT He MeHee 4 Hyseid. Touku Hy-
JIEBOTO pajiiyca KPUBU3HbBI KAYCTHKU SIBJASIOTCS ee 0COObIMM TOUKAMH, a Jis
(hYHKLMH g OO1IEro MoJoxKeHHs — TOUKaMH BO3BpaTa MoJyKyOHUeCKOro TH-
na (B OKPeCTHOCTH TaKOH TOUKH KaycTHKa auddeomopdHa mosyKyGHuecKoh
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napatoJie x* = y*). Takum oGpasom, Teopema 4 BbITeKaeT ua Teopembi [LITyp-
ma—IypBuua. O

Heckousbko cyioB 0 Teopeme typma—IypBuua.

dta TeopeMa yTBEPHKIAET, UTO CyMMa BellleCTBEHHOTO psiia Pypbe umeer
He MeHbllle HyJel, yeM MJajllas rapMoOHUKa, BXOJSIAst B PSiL C HEHYJEBBIM
ko3duumentom. Ecan sTa rapmoHuka nepsasi, T.e. ecn (PYHKLHUST OPTOro-
Ha/lbHAa €JIMHHLIE T. €. MMeeT HyJeBOH HHTerpas, 3TO YTBepXKJIeHHe ecTb He-
paBeHcTBo Mopca. [leficTBUTeNbHO, TaKkasi PYHKLMS sIBJIsSIETCS] TPOU3BOIHON
rJ1aJKOH (PyHKIMH, 3aJlaHHOH Ha OKPYXKHOCTH, 3HAUHT OHa MMEET He MeHbllle
JIBYX HyJIeH, MOCKOJIbKY 3aJlaHHAsi Ha OKPYXKHOCTH (DYHKLHS MMEET He MeHee
JIBYX KPUTHYECKHX TOYEK.

[Tostomy Teopema Lltypma—IypBula sBasieTcs 06obLIeHHEM HepaBeH-
ctBa Mopca Ha BbICIIMe NPOKM3BOJAHbIE. Hanpumep, ecyiv 3aMeHHTb MeEpPBYIO
MIPOU3BOJIHYIO CYMMOH TepBOH W TpeTbel, TO y Takoi KOMOMHAUWM B psjie
®ypbe He GyfeT HU HYJIEBBIX, HH TEPBbIX FAPMOHHK, MOITOMY UHMCJIO HYJeH
He MeHblle yeThipex. VI3BecTHo MHOro nokaszatenbcTs Teopembl lTypma—
[ypBuLa, HO Bce OHH MaJo MposicHsoT cyTh neqa. Cam Itypm paccma-
TpUBAJ TOJILKO TPUTOHOMETPHUECKHE MHOTOUJIEHBI, T. €. BellleCTBEHHbIE YacTH
OOBIUHBIX MHOTOUJIEHOB Ha OKPY>KHOCTH. B 3TOM ciiyuae Teopema cJeny-
eT U3 MPHUHIHMNA apryMeHTa TeOpHH (DYHKIUHMH KOMIIIEKCHOTO MepeMEHHOrO,
TaK KaK OTCYTCTBHE MJIa/ILIMX TaPMOHHUK O3HAUaeT MPUCYTCTBHE KOPHS 60JIb-
IOH KPaTHOCTH B HyJle, T. €. BHYTPH Kpyra, OrpaHHUYeHHOro paccMaTpHBaeMo
OKPY’KHOCTbIO. 3HAUMT, apryMeHT HMeeT 0o0JblLIOe TpHpalleHHe, a Bellle-
CTBEHHasi YacTb — MHOTO Hy.JIeH.

[ypBuLL nepeHec TeopeMy Ha o0liMe QyHKIMHU. M3 Npyrux 10Ka3aTesbCTB
MOYUUTENIbHO pacCyxKJIeHHe ¢ ypaBHeHHeM TeruonpoBoaHoctH. [Ipumem nc-
XOJIHYI0 (PYHKIIMIO 33 HauaJjibHOe ycaoBue. Ctapline rapMOHHKH yMUPAIOT Obl-
CTpee, TI0OITOMY BCKOpe OCTaHeTCsl 0JiHa MHHUMaJIbHasi. A uncyio Hysed, Kak
BbITEKAaeT W3 MPHHLMIA MAKCHMyMa, MPH TAKOH TEMJIOBOK 3BOJIOLHMH MOTJIO
TOJIbKO yMEHBLIAThCSI, HO HE BO3PACTaTh, TaK UTO BHaUaJse UX OblJIO He MEHBbLIIE.

3ameuanue. KaycTuka dyHKuUMH c0S(3¢p) — rMMOLKUKIOUAA C TPEMsl TOU-
KaMH BO3Bpara, MpoijleHHast IBaXIbl.

Teopema 5. Pacnpedeaum 80046 KAYCMUKU MACCY C QA6MEPHUPYIO-
weli (Mensaroweld 3nak 8 moukax sosspama) niomuocmoto 1. Toeda
npoeKyus NOAYUEeHHO20 pacnpedesenus 6ecKkOHeyHO-MaANbLX INEMEHINOB
OpUEHMUPOBAHHOL KpUBOU Ha ocb B (uau Ha aobyio dpyeyio npamyio)
umeem UHMmMeepalom Hyiw'.

1 Onpeﬂeﬂel—me BeKTOpHOI:I MJIOTHOCTH MO2KHO TMOCMOTPETb B JOMNOJIHEHUH Ha C. 74.
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HokasaTtesbcTBo. Bocrnosb3yeMcs OpTOroHaIbHOCTBIO (DYHKIMH R K
(byHKLMK sin . MHTerpan, o KOTOpOM HJIET peub, HMEET BH]L

0= f(sin P)R(p) do = f(sin p) dS :%dB

(MHTErpUpoBaH1e — 10 OTPE3KaM MEK/y TOUKAMH BO3BPaTa, C MOC/EYIOLIHM
CYMMHPOBaHHEM OTBETOB C aJbTEPHUPYIOLUMH 3HAKAMH).

Jlst mpoekunu Ha ochb A aHaJIOTHUHO HCMOJIb3YeTCs OPTOrOHAJIbHOCTL R
K (DYHKLHH COS (. YTBepKIeHHe O MPOEKLHsX Ha BCe MPsIMble CJeLyeT M3
oOpallleHHs1 B HYJIb MHTErPaJIoOB NPOEKIMI HAa OCH KOOPJMHAT. O

3ameuanue. LleHTp TsXKeCTH KayCTHKH, CHaOXKEHHOH Maccoil ¢ aJjbrep-
HUpYIOLIEH TUIOTHOCTbIO +1, — He obs3atesbHo 0, B TOM CMbICJe, UTO

He 06s13aTesIbHO pPaBHbI HYJIO MOMEHTHI 7{/1 dS n des (mpumep: g =

= cos(2¢) + sin(3g)).
Teopema 6. Fcau kaycmuka umeem posHo 4 mouxku 8o3spama, mo
OHIL A€NCAIM 8 BEPULLHAX NAPAAICA0SPAMMA.

HokaszarteabcTso. O603HAUMM 3TH TOUKH Bo3BpaTta uepes Py, Py, Ps,
P, (B 5TOM nopsiike BLOJb KaycTHKK); Ps = P). Paccmorpum Bektopsl V; =
=P;—P;;,. B Hallem cjiyuae (ueTblpex Touek BO3Bparta) Teopema S UMeeT BUJL

Vi=Vo+ V-V, =0. (1)

C leyl"Oﬁ CTOPOHbBI, YETbIPE BEKTOPAa V, OUYEBHJIHBIM o6pasolv1 YAOBJECTBOPAIOT
YCJIOBHIO LIMKJ1A
V1+VQ+V3+V4:0. (2)

CknapnpiBasi ypaBuenusi (1) u (2), mbl nosyuaem teopemy 6 B Buae V,+ V3 =0,
Vo+V, =0, 1e. V3 ==V, Vi =—V,, no3TOMy TOUKH BO3BpaTa KayCTHKH
06pasyloT napaJsiesorpaMm. O

3ameuanue. 151 KayCTHKH, UMeIOLIeH POBHO 2/m TOUYEK BO3BpPATa, TOUHO
TaK JKe JI0Ka3blBAeTCs COBIMaJeHHe OAPULEHTPOB TOUEK BO3BPATA C UETHBIMH
¥ C HeYETHbIMH HOMepaMHu:

P1+P3+...+P2m_1:P2+P4+...+P2m.

Teopema 7. Odun u3 ¢pponmos daHHOL KaycmuKku umeem arvimep-
HUPOBAHHYIO OMUHY HYAb U HE MeHbuie 4emolpex mouex 8038pAMA.
Bce ¢ppornmer obaadarom c8olicmeoMm HYAeB020 UHMeE2PaLd NPOeKyll
(meopema b), ppormoer ¢ 4 mouxamu 8038pama — C8OLUCMBOM NAPAA-
aenoepamma (meopema 6), a ¢ 2m moukamu 8038pamMa — NpuUBeOeHHoiM
solule 8 3aMeUAHUU CBOLICMBOM COBNAOCHUL BAPUYEHMPOS.
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HokasarteabcTBo. Haunem co caenyiouiero (Hosoro!) onpenesnenus
(hpPOHTOB 2m-MePHOANYECKON (DYHKLHMH g.

Onpeneaenune. C-¢ppormon (nepuoanueckol pynkipu g: S' — R) na-
3bIBAETCST MHOXKECTBO TEX TOUEK €BKJHI0BOK ruockoctd {(A, B)}, misi Ko-
TOPBIX (PYHKLIMSI apryMeHTa ¢

G(A, B;g) =Acosqo+ Bsing + g(g)
MMEET KPHTHUECKYH0 TOUKY ¢ KPUTHUECKUM 3HaueHHem C:
JoeS'": G'(A, B;9) =0, G(A, B;g)=C.?
Jlemma. Paduyc kpususnor C-gppornma pasen

p(9) = C—(g"(9) +g(9)).

HoxasateabcTtBo JeMMbl. O6o3naunm uepes (A. (@), B.(¢)) Tou-
Ky KayCTHKH, COOTBETCTBYIOLIYI0 HEMOPCOBCKOH KPHTHUECKOH TOUKe ¢ (hyHK-
uin G(A, B;-). Mbl yxe Bbludcausn Bbille, uto (A.(@) = g's + g’c,
B.(9)=—g'c+g"s). Touka Ha KacaTe/IbHOH K KayCTHKe, ylaleHHasl OT TOUKH

KacaHWsl Ha paccTosiHie A B Ha-

npaBjeHun  BekTopa (c, S), ecTb’
/““MmﬁW)@mﬂ)
(Ax(9), B« (9))

(AN = A. +xe, BO) = B. +1s).
Kaycmuka ¢pponm
KOFZLa 3Ta TOUKa JIC2KUT Ha

C-poHre, onpejiesieHHOM KakK HOp-
Puc. 2. ®PpoHT kak 3BonbseHTa kaycTuku  MaJbHasA TPACKTOPHs KaCaTeJ/IbHbIX,
YUCJIO A — pajiiyC ero KPHBH3HHI.
3adukcuposas ¢ 1 paccmatpusas A U B Kak (QyHKUHH OT A, OyaeM 060-
3HauYaTh MPOHM3BOJHLIE MO A TOUKAMH.
[To onpenenennto dyHkumn G = Ac + Bs + g mbl Haxoaum u3 (A" = ¢,
B =), uto npu (PUKCHPOBAHHOM ¢

G=1, G"'=-1,

nosromy (G+G")(A\) =(G+G")(0) =g+g". Honpu A=0, T. e. Ha KayCTHKe,
G" =0. [Tosromy G(0) = g+ g". Utak, KpuTHUecKoe 3HaueHue pyHkunu G
2 DKBUBAJECHTHOCTL STOFO OMPEIE/ICHHs CTAPOMY GyJeT 0GLSICHEHA HIpKE (CM. 3aMeuHHHe Ha

c.11) — Ipum. pen.
3 Cm. Teker mocie 3ameuannsi | Ha c. 11— ITpum. pen.
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(B Touke @) ectb G(0) +A =g+ g”" + . Urober oHo Gbino pasno C, paanyc
KPHBH3HBI A = p(¢p) J10/KeH UMETb YKAa3aHHYIO B JIEMMe BeJHUHHY. O

3ameuanue. OproroHanbHOCTh C-(ppOHTA, ONPENENEHHOTO TPHU MOMOIIHU
KPUTHYECKOTO 3HAUEHHSI, K KACATEJbHOH K KayCTHKE CJEIyeT U3 (POPMYJIbl
JJst ideperiiaia KpUTHUECKOTO 3HAUYEHHUSI:

dG:( )dA+( )dB+( )dq)

B kpuruueckoii Touke dG/dp =0, a no onpenenenuo GpyHkumu G umeem
0G/0A=c,dG/0B=s.Tlostomy ycnosue dG =0 MocTOAHCTBA KPUTHUECKO-
ro 3Hauenusi C umeet BUJ ¢ dA +s dB =0, uTo W 03HAUaeT OPTOrOHAJIBHOCTD
(dhpoHTa K KacaTeJbHOH K KaycTHke. MTak, 3TOT (DpOHT — 3BOJIbBEHTA Kay-
CTHKH.

OkoHuaHMe AOKa3aTeJbcTBa TeopeMbl 7. V3 nokasaHHbIX
cBoiicTB C-(poHTOB cJieflyeT, uTo (yHKIMSI KpuBH3HbI C-(ppoHTa OpTOro-
Ha/bHa (DYHKLMSAM COS ¢ U sin ¢ npu JodoM C, a Takke, Kak (QYHKLHS OT @,
oproronasibHa (yHkimK | npu C, paBHOM cpeiHeMy 3HAUeHHIO (PYHKIMH g.

Amemepruposarnas dauna C-¢pporma ¢ maxum set6opom C pasra
HYyAto (KCTaTH, U3 JIEMMbl BUJIHO, UTO aJlbTePHUPOBAHHAs! AJIHHA (DPOHTA 3a-
BUCHT 0T C Kak JIMHEeHHasl HeoiHOPOoAHAs (DYHKLIUS).

Tenepn Bce yTBepsKaeHUsl TeopeMbl 7 0 (PPOHTAX JOKA3BIBAIOTCS TaK IKe,
KaK MpeJIecTBYIOINe YTBEPXKAEHNST 0 KayCTHKax B TeopeMax 3—6 — mpu
nomoun Teopembl 1lItypma—TIypsuua. O

Kpome nByx HameueHbIX BbIlIe J0KA3aTEJNbCTB ITOH YAMBHTENLHOH Teope-
b, BOT ellle OJIHO. JI/Jis1 MPOCTOThI MPEANooKuM, uTo B psiay Pypbe oTcyT-
CTBYET HyJieBasi U JIB€ MepBble FAPMOHUKH, T.€. UTO (PyHKLHS OPTOroHaJbHa
€/IMHHLIE, CHHYCY U KOCHHYCY, M JI0KaKeM, 4TO YHCJIO HyJieH He MeHblle ye-
ThIpeX.

EcJsin 6b1 HyJ1ell O6bl10 BCero JBa, To (yHKIMSA UMesa Obl BCIOJY TaKOH XKe
3HaK, KaK HeKOTopasl JMHeHHash KOMOMHAIMS eAMHHIIbI, CHHYCa U KOCHHYyCA.
Torna npousseneHue GyHKUMH ¥ 9TOH KOMOHHALMKM UMesIO Obl HEHyJ1eBOH UH-
TerpaJl BONpeKH opToroHajbHocTH. [ToslydeHHOE MPOTHBOpeYHe 10Ka3bIBAET,
YTO HyJIell He MeHbllle YeTblpex (cJ/ydail Tpex HyJieil jierko pazoopaTh nogo6-
HO CJlyyato JIBYX, TaK Kak OJIMH W3 HyJieH TOrjia KPaTHbIH).

O60611ennst Teopembl [ITypMa—TIypBuiia 06Cy:KIaI0TCH HUXKE, B KOHIIE
pasnena 10 (c. 58).

3ameuanue 1. Bouto Obl UHTEpeCHO MOHAThb, Kakue Kpusoie (cKasicem,
coeduHAIOUUe BePULULHbL NAPAAICA0SPAMMO8, KAKOBbLLE BePULLHbL A8~
IOMCs MOUKAMU BO3BPAMA KPUBLLX, U UMEIOWUe AAbIMEePHUPOBAHHbLE
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O0AUMbL, PABHbIE HYMIO) ABALIOMCS KAYCMUKAMU Nepuoouteckux GyHk-
yuti. CBOKCTBO ObITb TAKOH KayCTHKON HaKJ/IabIBAET JIOMOJHUTEbHbIE Orpa-
HHUYEHHsI: HEBbIPOXKIEHHE KPUBHM3HBI MEXK/y TOUKAMH BO3BpaTa ¥ OTCYTCTBHE
napaJuiesibHbIX OPHEHTHPOBAHHbIX KAacaTeJbHbIX OYEBHIHBIM 06Pa30M BXOJIST
B X uMcsio. KacameavHole npamole K Kaycmuke nepuoduieckot yrk-
yuu nokpeisarom scio naockocmoe {(A, B)}. dto caenyer ua reopun Mopca.

Heiicturensno, dyukuus G(A, B;-), sagannast Ha okpy»KHoctd S', umeer
TaM KpuTHueckyto Touky c¢. [Ipsimasi, Kacarouascs KayCTHKH B COOTBETCTBY-
I0lIel ¢ TouKe, MPoXoaAuT uepes Touky (A, B). leso B ToM, uto Bce (pyHK-
uud Ha S', COOTBETCTBYIOIIME TOYKAM ITOH KacaTeJbHOH NPSIMOK, UMEIOT Ha
OKPY>KHOCTH OOIIYI0 KPUTHUECKYIO TOUKY C.

Ho moskHO, BMecTo TOro, uTo6bl OrpaHHUNBATh KAyCTHKH, 0000ujameo uc-
XoO0Hble (hyHKYUL, 3aMeHsIsT X, HATIpUMep, KMHOTO3HAUHBIME (DYHKLIHSMU >,
T. €. KDUBBIMH Ha MOBEPXHOCTH LuHHApa S' X R, yKe He ABJSIOLIMMHUCS cede-
nusimu paceaoenus (J°(S!, R) =S! xR) — S' nag okpyHOCTbIO (paccoennus
(¢, 8) — ).

Moxno gonyctuth B J°(S!, R) 1 KpUBbIE ¢ 0OCOGEHHOCTSIMH, JaXKe He HM-
MepcHpoBaHHble. [1eliCTBUTEIbHO, eCTECTBEHHBIM 0GBEKTOM SIBJISIETCST 31E€Ch
TouHast Aaepancesa kpusas L. C T*S', spasioasics: 0600611eHneM rpaprka
NPOU3BOHON (DYHKIMU g, COCTOsIIero U3 Touek {(p, p): p = dg/do} = L.

[pacduk camoli QyHKUMM g sBASeTCS JJIS 3TOH JarpaHKeBOH KpH-
BOI )pOHmMOM ee AedcanHOposa NOOHAMUS B TPEXMEPHOe MPOCTPAHCTBO
1-cTpyit dynkuuit Ha okpyxuoctd, J'(S', R) = {(¢, y, p)}, Kya1a oHa nogHu-
Maetcs B KauecTBe l-epagpuxa dynkunn {(¢, y = g(¢), p = g'(¢))}. Pponr
€CTb €CTECTBEHHAS MPOEKLIUS STOH AeIaHOPOBOL KPUBOLL TIPH 0TOOPAXKEHHUH
za6biBanust mpoussoanoi, J'(S', R) — J/°(S', R), ornpasasiowem (¢, y, p)
B (¢, y). Takum oGpasom, Jexauwmii B J° ncesnorpad (ppoHT) JarpamKe-
BOI KpUBOH L caM MoxeT UMeTb TOUKH Bo3BpaTa. [lostoMy cienoBasio Gbl
pacrnpoctpanutb Teopemy LlTtypma—IypBulia (1 ee cienCcTBUsI, ONUCAHHbIE
BbIllIE) HA KAYCTHKU TaKuX ncegdoepaghos, a He TOJIbKO HACTOSUIMX [VIAJKHX
(hYHKILMH, JI7IST KOTOPBIX BCE Y2Ke JIOKA3aHOo.

3ameuanue 2. Toukd Bo3paTa Ha KayCTHKe COOTBETCTBYIOT /MOUYKAM
chepuneckoeo nepeeuba COOTBETCTBYIOIIMX JIarPAHKEBBIX KPUBBIX B (ha30-
BoM mpoctpanetse L C T°S'. A umenno, mist p = g'(¢) Ha L ypaBHeHue
(g'+g") (o) =0 BblpaxkaeT KacaHHe MOBLILIEHHOrO MOPsifKa KPUBOH L ¢
rpatuKoM OfHOH U3 (yHKUHI p = a cos @+ bsing B Touke @.

Pacemorpum wimnuap T°S' = {(¢, p)} kak nosepxnocts {x*+y* = 1}
B €BKJIMI0BOM MpocTpanctBe R® ¢ 1eKapTOBBIMH KOOPAHHATAMH (X = COS @,
y=sing, p).
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[Tpoewwpyst 5101 uuarHAp Ha cdepy X+ Y? + P? = 1 jyuamu u3 HavaJsia
KOOpIMHAT,
_* y_Y4 p_"~P 2 _ 2 2 2
(X_r’ Y_r’ P r)’ rr=x+y +p,
Mbl 0TOOPa3UM JiarpaHKeBy KpuBYIo L Ha cepHUecKyo KPUBYIO, a rpacyKu
GyHKUMEA p = a cos ¢ + b sin ¢ — Ha OKpyKHOCTH GOJIbLIMX KpyroB. Touku,
ede g’ +g" =0, nepeiidym 8 mouku chepuneckoeo nepeeudba cnpoeyu-
posanHoll kpusoii (cp. [D]).
Uro6bl HCTO/MBL30BATh MPOEKTHBHYIO TE€OMETPHIO (PAa30BOTO  IMJIUHJPA
TS'"={(9, p)}, MOKHO BBeCTH TaM (JIoOKa/IbHbIE) ahUHHbIE KOOPAHHATI
— -4 =F
(t =tgop= o )

X

B atHXx KoopaMHAaTaX ypaBHeHHe Touek Bo3BpaTa KaycTuku g’ + g’ =0 (nas
d*w

g' = p(y)) npuHuMaeT hopMy ypaBHeHHs! 0ObIUHBIX TOUEK Meperuba E = 0
_ P
(Jl.ﬂﬂ dynxunn w(tg ) = cosq))'

Bblio Obl HHTEPECHO HCCJIEN0BATh CBSI3b MEXJy MPOEKTHBHBIMH reome-
TPUSIMK 3TOK JIarpaHKeBOH KPUBOKH M KayCTHKH (MX JBOHCTBEHHOCTB). B Bbi-
MyKJOH TeOMETPUH (PYHKUHI0 —g Ha3biBAIOT 0nOpHOlU (yHKyuell (cBoek
KayCTHKH).

B [6] nokazato, uto kpusas, npoekmusro 08oiicmaenHas acmpoude,
ecmo AHMUOKPYNICHOCHL, KOTOpasi 3aJaeTCsl ypaBHEHHEM

L

St =5=1

2y
B MOJX0/isiLIel crcTeMe aHHHBIX KOOPAHHAT (X, i) Ha IBONCTBEHHOM Mjoc-
KOCTH.

2. unepbonnyeckne nepuoany4eckmne yHkUMn

Onpeaenenne 1. Kpusasi y: S' — R® (oToGparkeHue OKpYKHOCTH B TPeX-
MEepHO€e MPOCTPAHCTBO BELIECTBEHHBIX KBAAPATHUHBIX (DOPM Ha MJIOCKOCTH,
R? = {® = aZ? 4+ 2b&n+ cn?}) HasbiBaeTCst eunepOOAUHecKOll, eCIn KaxKast
U3 KBaapaTHUHbIX hopM y(p), @ € S' (= {9 mod 2n}) nmeer runepGosuye-
CKYyI0 CHrHatypy (4, —), T.€. €CJIi ee recCHaH OTpHLATE e :

a(p) c(p) — b*(p) <0

JJIs1 BCSIKOTO .
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Tunep6omuunas popma ® onpenessier kpecrmn ® =0 na nockocetu {(&, n) }.
B crtpyktypy, HasbiBaemyto «kpectn ¢popmor P», Mbl OyleM BKJOUATH He
TOJILKO Mapy MPsIMBIX, HA KOTOPBIX hopMa
o6pataercsi B 0, HO W Ty Mapy CEKTOpPOB, IJie
OHa TMOJIOXKHTEJIbHA.

Onpenenenue 2. Hrudexkcom eunepboiu-
YyecKoll Kpusotl y Ha3bIBAETCs YUCI0 060po-
TOB TOUKH () BOKPYT KOHYCa BbIPOK/IECHHBIX
dopm {ac —b* =0}, 1. e. (puc. 3)

. 1 . 2n
Puc. 3. Tunep6onunyeckas kpusasi md(Y) - %A arg(a o 2bl) ((P) 0 €z
uHaexkca 1

(3Ta hopmyJsia HUKCHpPYeT BHIGOP OpHEHTALIUH
KPUBOH HHJEKca 1, T.e. BHIOOD KOOPHEHTALMH OCH KOHyca, B 3aBMCHMOCTH
OT opHeHTalMK TIocKoCTH {(X, y) }, MOITOMY JUIsi ceMelicTBa KBaAPAaTHUHBIX
dbopm d?f uHIeKchbl OT BbIGOpA 3TOH OPHEHTALMH MJIOCKOCTH HE 3aBHCST).

Onpepenenne 3. Hudexcom Kpecmos runepboJUUECKOH KPHBOH Y
Ha3bIBAETCST YUCIO 000POTOB KpecToB hopM @ = y(¢) npH yBesuueHun ¢
or 0 10 2m.

3ameuanue. B orunune oT MHIEKca THIEpPOOJHUECKOH KPUBOMH, HHIEKC
ee KpecToB — He 06513aTesIbHO 11e10€ YHCJIO: OH MOKET OBITh U MOJYLEJBIM,
ind(kpecty(p)) € Z /2.

JleficTBUTEBHO, BO3MOXKHA MOHOOPOMUSL, KOTAA TOCHe MOJHOTO 06X0/a
3aMKHYTOH KPHBOH y KPecT BO3BpPALIAETCsl HAa MpeKHee MeCTO C MepecTa-
HOBKOH (&, n) — (=&, —n) ABYX CBOMUX CEKTOPOB MOJOKHUTEJIBLHOCTH (pHC. 4).

— N

Puc. 4. MoHogpomus kpecTos

Teopema 1. Hrdekcer eunepboauyeckoil KpUgoiil u ee Kpecmos He me-
Haomes npu degpopmayuu Kpusotl, ocmasasiowell ee eunepboiuyeckol.

DT0 cjefyeT NPoCTO M3 HenpepbiBHOCTH MHAEKCOB. [TockosbKy thyHaa-
MeHTaJIbHast Tpynna MHOroo6pasus runepbonueckix GopM ects Z, U3 1ol
TEOPEMbI CJIEMYET, UTO UHOEKC KPecmos Kpusoil Y A6A1emcsa YHUusepcalb-
Hotl (1 aunelinoil) ynkyueti uHdeKkca Kpusoii, KOTOPYHO JIOCTAaTOUHO MO-
CUMTaTh ]ISl OJIHOTO (HETPUBHAJILHOTO) MpUMepa.
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IMpumep. Kpusas y, nist kotopo#
a =cos(kg), b=sin(ke), c¢=—-cos(kgp),

runep6osuuna: ac — b? = —1 < 0. MHaeke 3Toil KPUBOH €CThb

2n

ind(y) = Q—IKAarg(Q cos(ke) + 2i sin(ke)) k.

0

Keanpatuunasi popma va R? = {(&, 1)}, 3ananHasi Hauieil KpUBo#, ecTb
B(9) = cos(kg)(Z — 1) +sin(ky) (22n),
B Ttouke (& =cos6, n=sin6) sta popma paBHa
cos(ky) cos(20) + sin(ky) sin(20) = cos(kep — 20).

1o 3Hauenue HOPMbI MOI0KUTEIbHO NpH O = kp/2. Craenoatesbho,

. k
ind(kpecty(p)) = 5

Tem cambiM n10KasaHa

Teopema 2. Hudexc kpecmos 110601l eunepboiuueckoll Kpugoii pagen
noaosure urdexca amotl Kpusoil.

Huxxe 311 3ameuanusi 6yyT npuMeHeHbl K CriellMajbHOMY cJydato D-of1-
HOpoaHOH (yHKUMH [(x, y) =rPF(¢p) (x=rcos ¢, y=rsing), onpeaessioLieit
(Hanpumep, npu r = 1) runep6oJUUECKYIO KPHUBYIO

Y (a=Tex O="Teys C=]1y)

Curyuaii, Koria [— MHOTOUJIEH, yXKe HHTepeceH (M BeCbMa HETPHUBHAJIEH, Ha-
npumep, st D =4): kakie 3Hauenus uHdekcos 00Cmuearomes npu noo-
xoosauiem 8ol6ope 00HOPOIH020 MHO20UACHA [ (Ul OOHOPOOHOU hYHK-
yuu) npu ukcuposarrol cmenenu 00Hopodrnocmu D? Mbl 06Cyaum, U4To
006 9TOM M3BECTHO, HIKE, B pasnesnax 8—10: mst 060oro runepOoIHIECKOro
OJIHOPOJIHOrO MHOTOUJIEHA CTENeHr 4 HHIEKC KPEeCTOB OKaXKeTcsi paBHbIM — 1.
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FMABA I

TMMNEPBONUNYHECKUE OAHOPOAHbIE ®YHKLIUA

3. OgHopogHbie pyHkuynn cTenenm D
n CBS3b UX runepboan4HocTu ¢ Teopuen Mopca

dopmyHpyemble 3/1eCh pe3yJbTaThl JIOKA3bIBAOTCS B CJEAYIOLIMX Mapa-
rpadgax.

Teopema 1. @ynkyus [(x,y) = r’F() (ede x = rcosqg, y = rsing)
cmenenu D > 1 onpedeasem eunepboauuveckyio kpusyio (r = const > 0)

Y((P) = (Cl :fX,Xv b = f&y* ¢ :fy,y)a

ecau 1w moavko ecau 2n-nepuodudeckas pynkyus F sesde ydosiemso-
psem ycaosuio (x) D-eunepboauurocmu (eeccuarn 0oaxcer Ovlmb Om-
puyameanet)

D*F? + DFF" — (D — 1)F? <0, (%)

ede ' =d/dy.
Takasi pyHkuus F Oynet HasbiBaTbest D-eunepboauteckod.

Mpumep. I[lycts dynkuus F— D-runep6osueckasi. Torna dynkuus F*
6yner aD-runep6osueckort (tam, riae F# 0 —noapoGHee cM. B pasjiene 8).

Teopema 2. [Tycmo F— D-eunepboauveckas ¢pynrkyus. Paccmompun
¢pasosuiii sekmop L(p) € R? ¢ komnonenmamu (F(p), F'(9)). Toeda
Hanpasiexue 8pawenus npu 803pacmanull @

Fyn o) amoeo ¢hasosoeo sekmopa L 80Kpye Haua-
\ , Aa koopduram (puc. d) ecrody ompuyamenibHo
/ <o) (npu opuenmayuu ¢azosor niockocmi, 3a-
0 F  dawnHoli nopsdkom koopdurnam FAF'), a yeao-
8as CKOPOCMb &) 9MO20 BPAUYeHUSL N0 MOOYMO
sciody boavule, yem 1/D:
Puc. 5.
OTpuyatensHoe spawjeHne _ FF' — F? 1
¢pa3oBoro BekTopa R +F? D

Jlyutiiee onucanue BpailleHust pa3oBoro BeKTopa NMPUBEAEHO HUXKE, B pa3-
nese 7.
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Teopema 3. Hrdekc kpusoii y, coomsemcmsyroueii D-eunepboauue-
ckoli pynkyuu F, pasen

ind(y) =2 +ind(M +iN),
ede pynkyuu M u N yera ¢ onpedeserol opmyramu
M=DD-2)F-F", N=(@@D-2)F'.

Bxopsuwmi B 3Ty TeopeMy MHJAEKC MJIOCKOH KpuBoi M + iN onucbiBaercs
Teopueil Mopca:

Teopema 4. Hnoexc kpusoti M+iN ompuyamener, u eco Modyao pa-
8eH NONOBUHE HUCAQ Kpumu4eckux moyek ¢gyukyuu F (komopoe uem-
HO, NOMOMY MO 8ce amu Kpumudeckue mouku 01 D-eunepboauye-
CKOU DYHKYUL HeBbLPONCOeHDL):

ind(M -+ iN) = —5-(pu: F'(g0) =0).

4. [lokazaTenbscTBa Teopem
006 0fHOPOAHbBIX PYHKLMSX

Jst mossiproro yria ¢ = arctg(y/x) mbl umeem do = r—2(xdy — y dx).
C npyroii CTOPOHBI,

d(rP) = d(P)"* = 3 (#) D (2 dx + 2y dy) = Dr*~*(x dx + y dy).

CirienoBaTesIbHO, MBI MOJTy4aeM BbIpaxkeHue st auddepenipana QpyHKIUH
[(x, y) = r"F(p):
df = Dr°*(xdx+ydy)F +r°*(xdy — y dx)F'.
Takum 06pa3oM, Mbl HALLIN €€ TIPOU3BOJIHbIE:
fo=r"2(DxF —yF'), [, =r""*(DyF + xF").
V13 nepBoro BbIpa:keHHsl CJIELYET, UTO

D—2 P y
d(f) = = :—Q(xa’x+ya’y)(DxF—yF)+

D D . D _
+ L (DFdx - F dy) + 5 Dxp X34 =048 1 pr xdy —ydx
r r r

i’Q r
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Takum o6pasom, it BTOPOH MPOU3BOMHON OJHOPOJHON (DYHKLMH [ Mbl
TroJlyyaeM BbIpaxKeHHe

a=/[c,=r""[(D—=2)Dx*F — (D —2)xyF' + Dr'F — DxyF' + y*F"| =
=r""PF+ QF + RF"],

e P=D(D— 1)+ Dy, Q=2(1—D)xy, R = g™
TouHO TaK »Ke BbIUMC/sIeTCsl IPOU3BOHAsST YHKLMH [, 110 y:
b=/.,=r""'[(D—-2)DxyF — (D —2)y*F — r*F' + Dx’F — xyF"] =
=r"SF+TF + UF"],

me S=D(D-2)xy, T=(D—-1)(x*—-y?), U=—
W3 HaiiieHHoro Bbillle BbIpaxKeHusi 1151 [, BUIHO, UTO

d(f,) = D—Q ’2 (x dx + y dy)(DyF + xF') +

,xdy —ydx
r ’

FI

+5 . (DFdy+F dx) + - DyF’M

ITo Naer i TMOCJAeHER BTOPOH NMPOU3BOJHOH OJHOPONHOH (DYHKUHMH [

dopmy.ry

c="1,,=r"(D=2)Dy’F + (D — 2)xyF' + Dr'F + DxyF' + x*F"] =
=r"ZF + VF' + WF"],

rne Z=D(D — 1)y + Dx* V=2(D— l)xy, W=x%
W3 Bcero atoro st @+ ¢ ¥ a — ¢ noJsiydaiotcst 6osiee mpocTble HOPMyJIbL:

a+c=r""(P+2)F+(Q+V)F +(R+ W)F"),

e P+7Z=D%? Q@+V =0, R+ W =r? Tak uTo, OKOHUATEJbHO, CJe]
BTOpOTO JIMpdepeniinana paBeH

a+c=r"(D*F+F").
B 10 ke Bpemsi Mbl HAXOJUM
a—c=r"(P—Z)F+(Q—V)F +(R—W)F"],
e P—Z=D(D-2)(x*—y%), @Q—=V=4(1-D)xy, R— W =y>—x2
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BBeenem elite 0603HaueHust ¢, = cos(2¢), so =sin(2¢), Tak uto x? — y* = r’c,,
2xy = r’sy. B 31X 0603HaueHUsIX Npebliyliias GopMyaa HMeeT BUJL

a—c=r"[D(D—2)coF +2(1 = D)soF — coF"]| = r°=}[Mcy — Ns,),

e M=D(D—-2)F—F", N=(2D —2)F". Benvuunubl M u N, onpenesieHHble
STUMH (hopMyJiaMu, OyyT UrpaTh GOJBIIYIO POJIb B JaJbHEHIIEM.
C 3THMH 0603HaUYEHUSIMH Mbl HAXOJHM

% = P Y2SF +2TF + 2UF"),
2SF 4+ 2UF" =’ D(D — 2)s3F — sor* F" = F[D(D — 2)F — F" sy = r*Ms,,
2TF' = (2D — 2)r*csF' = r*Nc.
OKOHUATeILHO, Mbl IPHXOMM K MPOCTBIM (hopMyaam
2b =P~ [Msy + Ncy|,  a—c=r"*[Mc, — Ns,].
DTH /Be BellecTBeHHble (hOPMYJIbl SKBHBAJEHTHBI OJHOH KOMIIEKCHOH,
"7 (cy + iss) (M + iN) = a — ¢ + 2ib,

JloKasblBatollell Teopemy 3 pazjena 3, nockosbky ind(co+isy) =2 u ind(af) =
= ind(a) +ind(B).
3a0/1HO MbI TOJlydaeM npoctyio popmyay juist reccuana H = ac— b*. Jlei-

CTBHTEJILHO,
(a—c)*+4b” =" {(M? + N?),

MO3TOMY IJIs1 Bpra}KeHl/lﬂ
4H =4(ac—b*) = (a+¢)* — ((a — ¢)* + 4b%)

MbI HAXOJIUM MOC/IeA0BaTeNbHO (yunthiBas, uto D*F+ F"=2D(D—1)F—M,
13 onpejieseHus Beanuntbl M)

AH = PP=(D2F + F')? — M2 — N?] =
= PP 4D (D — 1)*F? = 4D(D — 1)FM + M? — M? — N*] =
= PP~ 4AD*(D — 1)*F? — 4D*(D — 1)(D — 2)F* +
+4D(D — 1)FF" —4(D — 1)*F?] =
= PP 4DX(D — 1)F2 +4D(D — 1)FF" —4(D — 1)2F?] =
=4(D—1)r**[D*F’ + DFF" — (D — 1)F"],

YTO M JI0Ka3biBaeT Teopemy 1 pasnena 3.
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,HOKaSaHHOG HepaBeHCTO D—FHﬂ€p60ﬂHqHOCTI/I 3 TeOpeMbI 1 pa3LLe.na 3,
D?F*+ DFF" — (D — 1)F? <0, (%)

BJeueT 3a coboil TeopeMy 2 pasaena 3 (06 yrJoBOH CKOPOCTH ) BpallleHHs
casoBoro BekTopa {(¢p)). JefcTBUTENbHO, 0 ONpee/IeHHIO Ha €BKJIHI0BOH
niockocth o = d(argl)/dy, nostomy,

£ oo L _ MCMOJIb3Ysl KEMJepPOBO BbIpaXKeHHE CeK-
naouade = H[e, de TopranbHol ckopoct [, {']/2 uepes
_ %HCHQd(argC) Kak ol||{]|?/2, Ml HaxoauM (puc. 6)
dlargg) g (5. ¢]
w= >
/ 2l
: F rae L= (F, F), O =(F,F"), [(,{]=
0 =FF" — F?, ||C)|> = F? + F”*. VI3 nepa-
BeHCTBA D-runepbONMUHOCTH (%) CcreLy-
Puc. 6. Bbruncneune yrnosoi €T, UTO
cKopocTH

D(FF'—F?) < —D*F*—F? < —F—F? <,

nostomy w < —1/D < 0, uto u j0KasbiBaeT TeopeMy 2 pasjena 3 (KOTopyio
MbI ellle yCHJIUM B TeopeMe | pasnena 7 Ha c. 27).

O/HOBPEMEHHO Mbl YOEIUIUCh, UTO 4UCA0 000POMOo8 (ha308020 8eKmo-
pa L= (F, F') 0aa D-eunepborunecxkoii ¢pynkyuu F ecmo npoussederue
aucaa (—1/2) na uwucao uyaeii ¢pyukyuu F (uiu se na (pasroe emy)
uucao Hyaetl ee npoussodnoil F'). K momy sce dokaszana nepemescae-
MOCMb KOpHel amux (pyHKyull, a 3Ha4um, U aHmupoiIe80 C80LCMBO:
Mmencoy AobuiMu 0BYMA HYAAMU NPOU3BOOHOL ecmb Hys Gyukyuu F.

HoxasateabctBo TeopeMb 4 paspesa 4. Ilycts F'(¢y) =0
(tak uto u N(gpg) = 0). Otbiiem 3Hak npousBoaHol N'(¢pg) dyHKUHH N.
N3 HepaBeHcTBa D-runep6ONMUHOCTH (%) Mbl v
3aKJouaeM, 4TO B TOUKe @, [POHU3BEJIeHHe N'>0
F(DF+ F//) OTpI/IL[aTeJIbHO. f M>0

3HauuT, 3HaK F(¢,) MPOTHBONONKEH 3HAKY \ 7
N' <0

M<0 0
(DF + F")(¢o). M3 storo caemyer, uto 3HaK

F'" (o) mportuBonoJioxkeH 3Haky F(qp). Ho M =
= D(D —2)F — F" no cBoemy onpeienenuo. p, . - Bpauenme sekTopa
3nauut, 3HaK M((p,) TPOTHBOMOJNOXNKEH 3HAKY M+iN
F" (o), a caienoBatesibio, u suaky (dN/dg)(gp).

MubiMu caoBamn, ecau N(py) =0 u M(¢py) <0, mo N'(qy) >0, a ecau
N(po) =0 1 M(pg) >0, mo N'(¢y) <O (puc. 7). D10 U 03HAUAET, UTO UHOEKC
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kpusoii M+iN, nocuumannolil no nepeceueruam ¢ ocoto M, paser munyc
NOAOBUHE HIUCAQ nepeceveruti ¢ IMoil 0CbHo:

ind(M +iN) = — 5 (~g0: F'(go) = 0) = ind(F +F') <0

— KaXKJl0e nepeceueHne — OMpuyamerbHo-Bpalaiollee. O

5. lNpumepsi D-runepbonndeckux pyHKLni

[Tycte D > 1.

Teopema 1. /[as scakozo yeaoeo k > /D cywecmsyiom D-eunep-
boauueckue gyuxkyuu, 0ia komopox ind(M +iN) = —k (maxk umo
ind(a —c+ 2ib) =2 — k) (puc. 8).

] ; ind(y)

Puc. 8. O6nacTb peann3oBaHHbIX MHAEKCOB

Hoxasateabctso. [Tonoxkum F(p) = cos(ke). s nposepku ycJo-
BUs D-runepGoJiMUHOCTH (%) TeopeMbl | pasnesa 3 BbIUHCIUM HOPMHPOBAH-
Hblii reccuan A[F)= D*F?+DFF" — (D —1)F"* u y6enumcst, uto h[cos(ke)] <
< 0. IToncrasasist F = cos(kp), Mbl noJjtyyaeM /st (HOPMHPOBAHHOTO) reCCH-
aHa BbIpakeHue

h[F]= (D* — k*D) cos*(ke) — (D — 1)k* sin*(ke) =
= (D* = k’D + Dk* — k) cos’(kg) — (D — 1)k* =
= (D* — k%) cos®(kg) — (D — 1) k.

MakcuMyM 3Toii (yHKLMH paBeH
(max{0, D* — k*}) — (D — 1)k* = max{—(D — 1)k*, D* — Dk*}.

DTOT MaKCHMyM oTpuuarejen npu k* > D > 1. B stom npeanosoxenunu
(k? > D) teopema nokasana.

B ocraBiiemcst HepazoGpannbiM cayyae k* = D (nanpumep, k =2, D =4),
BbIOepeM F B BHe MaJsio MPojethopMHPOBAHHON (PYHKLUH COS(Rp):

F. = cos(kg) +eg(9).
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13 npuBeIeHHOTO Bhillle BhipaxKeHus s A(e) = A[F, ] Mbl nosyyaem KBa-
JIPATHUHYIO (DYHKLMIO — 803MYUeHHbLL (HOPMUPOBAHHDLIL) eeCCUar

h(g) = hy +¢eh, +%h,.
Mbl y2ke BbIUHC/IHIIN HeBO3MYlleHHOe 3HaueHue f(0):
ho = (D* — D)(cos*(kg) — 1) < 0.

BriGepem Bo3myllieHHe £g Tak, 4TOOBI MPEBPaTHTh peayJsbraT hy < 0 B
ctporoe HepaBeHcTBO f(g) < 0. M3 npuBeneHHO! Bbillie dopmysbl aas A[F]
CJIeJlyeT, UTO JIMHEHHAst M0 € YacTb BO3MYILIEHHUs 1aeTcsi hopMyiok

hy = 2D*Fog + DFog” + DFlg —2(D — 1)Fig' =
= (2D” — k’D)Fog + DFog" + 2k(D — 1) sin(kg) g’

(csiaraemoe, cosiepzKatiee sin(keg), obpataercs B HyJib B HHTEPECYIOIIMX HAC
TOUKax ., rae iy = 0).

Bui6epem g Tak, uToObI 3HAKH g B ITHX TOUKAX ¢, ObIIH MPOTHBOMOJIOKHEI
3HakaM [ (BeJHuiHbl f((.) OTJIHUHBI OT HyJIsl B TOUKaX, rie o =0), mpuuem
B OKPECTHOCTSIX 9THX TOueK g GyjeT KOHCTaHTOH (puc. 9).

ho
Puc. 9. Boamyuwjenne reccnaHa
B Takom ciyuae B 3THX OKPECTHOCTSIX BBITTOJIHSIETCS] HEPABEHCTBO hy =

= D?Fyg < 0. Otciona cieyer oTpuLaTebHoCTh fi(g) noscrony (ecaun € > 0
JIOCTaTOUHO MAaJIo). O
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ABA I

TMMNEPBONUNYHECKUE OAHOPOAHDbIE
MHOIO4JIEHDI

6. lNpumepsi D-runepboanqeckmnx
MHOro4neHos cteneHun D > 1

[Tpusenennsrii B pasaesne 5 npumep F = cos(kg), k* > D noctassieT MHO-
rousienbl f(x, y) = r’F(p), ecan k < D u pasnocts D — k yetHa. B stom
cJlyyae JOCTATOUHO BOCIIOJbL30BATLCS (GOPMYIION

f(x, y) = P 7" Re(x +iy)* = r” cos(ky),
M3 KOTOPOH BHAHO, UTO (yHKLHsI
[= (¢ + )7 Re(x +iy)*

SIBJISIETCST OJIHOPOJIHBIM MHOOUACHOM cTeneHn D. DToT MHorouwieH D-ru-
nepboJiueH, ecau v D < k < D (corsacHo pasaeny 5). B satom npumepe
F = cos(key), mostomy

M= (D(D—2)+ k) cos(kg), N =—(2D —2)ksin(kg).
OTC}OZLa BHJIHO, UTO AJIs1 9TOrO MHOIroudJieHa
ind(M +iN) = —k, ind(a —c +2ib) =2 — k.

Taxkum 06pa3oM, Mbl NOCTPOUJIH TPUMepbl D-runep6o/inuecKiX MHOTOUJICHOB,
JUISE KOTOPBIX

. 2—-D . D
2—-D<ind(y) <2—-vD, — <ind(kpecry) < I — g
YKa3aHHble 3/IeCh OTPaHUUEHUS] CHU3Y HEOOXOAUMbI [/l TTOJHHOMHAJILHOM
peanu3alyi (Kak Mbl o0cynum Hixke, B (1), (2), ¢. 25), HO He ISt TJIaAKOM.
CBepxy HeoOXoJuMble (fa)ke B HEMOJHHOMHAJbHOM CJyyae) OrpaHuueHHs
cnabee (Mbl MX oOCyaMM Ha c. 26): Hanpumep, JJisi MHOTOUJIEHOB UYETHOM

crerieny ind(kpecty) < 0.

Mpumep 1. I1pu D =2 npuBeseHHBIH BBIlIE Pe3y/bTaT J0CTABJSET 2-TH-
nepGouuecKuil MHorousien, ast koroporo 0 <ind(y) < 2—+v/2. Eauncrsentoe
11e/10€ UMCJIO B 9TOM HHTEpBaJ/e eCTb HyJlb.

23



Hy>xHb1il MHOTOUJIEH Nostyuaetcs npu k=2. B stom npumepe ind(M+iN) =
= —2, ind(y) = 0. 3amerum, uto npu yeTHoM D MHOrouJieH [ TOXKe ueTeH,
tak uto (¢ +n) = F(p). [TosToMy uHC/I0 KPUTHUECKHX TOYeK (PYHKUMH [
Ha okpyxKHoCcTH {¢@ mod2n} He MeHblIe YeTbIpeX (3TH KPUTHUECKHE TOUKH
MPOCTHI, TaK Kak cjiyuadl F' = [ = 0 uck/oueH ycjosueM D-runep6osnd-
HocTH (*)). Takum oGpasom, no TeopemMam 3 u 4 pasnena 3,

ind(M + iN) = ind(F + iF") = —% ~(9: F'(9) =0) < 2.

Ml JO0KasaJii, 4TO peaJiM30BaHHbl€ B HalleM IpUMepe 3HAUYCHHsT MHIACK-
COB — €¢/JMHCTBEHHO BO3MOXKHbI€:

ind(M +iN) = -2
JJIs1 BCSIKOTO 2-THIePGOJIHIECKOr0 0JIHOPOJIHOTO MHOTOUJIEHA BTOPOU CTEMEHH.
Mpumep 2. Ipu D = 4 namm nepasenctsa (k2 > D, k < D) octaBasiior

JIBe BO3MOXKHOCTH: kR = 3 uiu 4.
Boi6op & =4 naer 4-runep6o/uuecKuil MHOTOUJIEH:

F = cos(49),
f=Re(x+iy)' =x'—6x°y" + ',
a=12(x* — y*) = 12r* cos(2¢),
¢ =12(y> — x*) = —12r" cos(29),
2b = —48xy = —24r” sin(29);
reccuan MHorousiena [ ectb nostomy ac — b? = —144r* < 0, Tak uto MHOTO-
ujieH f 4-runepGoJueH.
MBI HaX0UM HHIEKCHI
ind(a —c+2ib) =2 —k=-2,
ind(kpecty) = —1.
MurepBan' 10MycTHMbIX /151 HALIKX TTPUMEPOB 3HAUEHHH TToceHero (1e-
Jouncaentoro npu D = 4) unpekca ectb, coraacHo o6lel TeopuH,

QQ_TD {1 _@> =(~1,[0={-1}.

Takum o6pa3om, Bce HAlUM MPUMEPBl He JAIOT APYrHX 3HAUEHHH HHIEKCOB
4-runepGosnueckux MHorouseHoB. OcTaeTcsi MOKa OTKPBITHIM, HarpuMep,
BOMPOC, MOXKET JIM TaKo# MHOrousieH umMeTh ind(M +iN) = —2? Mol o6cyinm
3TOT BOMPOC HHKe, B pasdnene 10, 060CHOBEIBAsI OTBET: HE MOXKET.

! Tyt aBrop ncnosbayer oGosnauenue ([a, [b) ans nuTepBana Ha npsMoii. B autepatype BeTpe-
yaloTes Tak:Ke o603Hauenus [a, b) wiu [a, b[. — [lpum. pen.
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Uucso Hysell TpUroHOMeTpHuecKoro MHorouseHa /' crenenu D He mpe-
Bocxoaut 2D. TTostomy

|[ind(M +iN)| <D, ind(M+iN)<O0
(teopema 4 pasnena 3). CienoBartesibHO,
ind(M +iN) € [-D, —2] (1)

JJIA D—I‘I/IHEPGOJII/I‘{GCKOI‘O MHOTI'OUJIeHa I1I€’I‘HOI'/JI CTEIIeHU D7 B CJiyuae He‘{eTHOI'/JI
CTEIIEeHHU
ind(M + iN) € [—D, —1]. (2)

HokasarteabctBo HepaBeHcTB (1) u (2). Uucno makeumy-
MOB T-TIEPUOJIMUECKOTO TPUTOHOMETpUUECKOro MHorousieHa F Ha [0, 2n) —
no MeHblieil Mepe 2. [ToaToMy uKMcJI0 KPUTHUECKUX ToueK He MeHblile 4. [To
teopeMe 4 pasnena 3, |ind(M +iN)| > 2 u ind(M +iN) < 0.

Hepagencrro (1) nokazano. JlokazateabcTBO HepaBeHCTBa (2) aHaJI0THY-
HO (cM. Teopemy | HuxXKe). O

Mpumep 3. [Tycts D = 6. Hawu o6biunble Hepapenctsa (k2 > D, k < D)
NpeJloCTaBJISIIOT 4 BO3MOXKHBIX 3HaueHusl, k£ = 3, 4, 5, 6. UroObl noJyuaTsb
MHOTOUJIeHbI, HaJI0 BbIOUPaTh k£ =4 uan 6 (oxHO# ueTHoCTH C D).

®ynxunn £y = cos(4¢) n Fs = cos(6¢) 6-runepbonrunbl. Mx HHAEKCHI

ind(a—c+2ib)ys=2—-4=-2), u (2—6=—4)

pa3JIMYHbI. CJ'IEIIOBaTGJ'[bHO, MHOF006p33H€ 6—FI/IHEP6O.HI/III€CKI/IX MHOTo4JIe-
HOB HE CBf3HO. I‘IQﬂCHO7 6oJiblIe JIH JIBYX UHUCJIO €0 KOMITIOHEHT CBA3HOCTH.

Teopema 1. [Tycmo F— 2n-nepuoduueckas (He obazameavro D-eu-
nepboauveckas) ¢yukyus vemrocmu D:

— D
Flo+m) =(=1)"F(g)
(kak ecau Oor pynkyus r’F(p) Obria 00HOPOOHLIM MHOCOUACHOM CITie-
nenu D om x =rcos g, y=rsing). Toeda noaosura 4ucia Kpumuieckux
mouek Qynkyuu F umeem maryio sce wemrnocmo, kak D (8 npednoso-
MHCEHUU HEeBbLPOMCOCHHOCTU IMUX KPUMULCCKUX MOYEK, BLINOAHCHHOM,
Hanpumep, 048 D-eunepboauueckux ¢pynkyuil):
1 , —
5 —((P(). F ((P()) = 0) = Dmod?2.
HokaszateabctBo. [lycth D ueTHo, 06003HAUUM Uepe3 1 UUCJIO TOUEK
JIOKaJIbHOTO MaKCHMyMa MeXIy @y M ¢@o + m. Torma umcsio Touek JoKalbHO-
ro MHHHMyMa B 3TOil 06/1aCTH Takoe e (MOCKOJbKY F'(p) = F'(¢o+ 1), a
3HaK [’ MeHsieTCsl B KaXKIOH KPUTHUECKOH TOUKe, M 3TH TOUKH MaKCHMyMa
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1 MUHUMyMa uepenytorcs). MTtak, oflllee UHCI0 KPUTHUECKHX TOUEK (PYHK-
uuu F ectb 4m, a ero moJioBUHA yeTHa, Kak U D. O
Ecan D HeueTHO, TO UHCJ0 KPHTHUECKHX TOUEK MEXKIY (o M (o + T He-
UEeTHO, MOCKOJIbKY F' (g + 1) = —F'(¢py). Ecan ux 2m + 1, 1o obuee uncio
KPUTHUECKHX TOUEK eCTb 4/ + 2, a ero rnoJioBMHa HeuyeTHa, Kak U D.
CaenctBue. /laa D-eunepboauieckoeo mHoco4AeHA
ind(M+iN)=D (mod 2);
ind(M+iN) < -2, ecau D uemno;
ind(M+iN) < -1, ecau D newemno;
ind(y) =D (mod 2);
ind(y) <0, ecau D wemno;
ind(y) <1, ecau D neuemmo;
ind(kpecty) € Z, ecau D uemno;

(
ind(kpecry) € é +Z, ecau D newemno;
ind(kpecty) <0, ecau D uemno;

ind(kpecty) < ecau D neuemmno.

1

57
3ameuaHue. KaK Mbl YBHUIAHMM B pasjieJie 8, JJ1A D—FI/Il‘lep6O.}]I/IIIECKI/IX

d?yHK:L{LHZ OFpaHI/IIIEHI/Iﬁ Ha WHJAEKCbl MeHblle, yeM JJis1 MHOI'OYJIEHOB.

HokazatenbcTBo. CpaBHeHHs] MO MOAYJIO 2 Cpasy BbLITEKAIOT U3
teopembl 1. [locsie Toro, Kak OHH YCTAHOBJIEHDBI, OTPAHHUYEHHsT HHIEKCOB
CBEpXy CJIELyIOT M3 HepaBeHCTB TeopeMbl 4 pasiesa 3 ¥ M3 TOro, uTO
UMCJIO HyJIel TPUOHOMETPHUECKOr0 MHOrousieHa crereHd D He mpeBocxo-
aut 2D. Hanpumep, nepasenctso ind(M +iN) < 0 teopemsl 4 1 cpaBHeHHE
ind(M + iN) = Dmod2 BJniekyT 3a co6oii HepaBeHcTBO ind(M + iN) < =2,
ecan D deTHo. (]

7. Hopma/msoBaHHoe ¢azoBoe NpoCTPAHCTBO
D-runep6onnyeckon pyHkuymu cteneqwmn D > 1
Onpeaenenne. Hopuaauzosarnnoin pasoseim sexmopon pynkyuu F
Ha3blBAETCS 3aBUCSLIMH OT ¢ BeKTOp L eBKJHI0BOH MJOCKOCTH C JleKapTo-
BbIMH OPTOHOPMHPOBaHHbIMU KoopauHatamu DF u F': B KoMILIEKCHbIX 060-

3HAUYEHHUSIX,
L=DF+iF'.

Hpezmonome, YTO 3TOT BEKTOP OTJIMYEH OT HYJIs.
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Teopema 1. Yearosas ckopocmo 8paujeruss HOPMAALZOBAHHO20 BeK-
mopa L(p) D-eunepboauieckol ¢ynkyuu F npu yseauvenuu ¢ ompu-
yameavHa U no modyaio gesde npesocxodum 1:

o< —l.
HokaszartenbcTBo. [lo onpeneneHuio yrioBoi CKOPOCTH,

[L,L') _ DFF'—DF"
D2F2+F/2 - D2F2+F12

o[L]=

CornacHo HepaBeHCTBY D-THTepGONMUHOCTH (*) pasziena 3,
D*F? + F < —(DFF" + DF").
CJie/10BaTe IbHO, TIOBCIO/Y BHITIOJHSIETCST HCKOMOE HepPaBEeHCTBO
—w[L]> 1. O

CBs3b MexJy runepGOJHUHOCTBIO W BpalleHHeM (ha3oBOro BeKTopa 3a-
paHee He OUEBH/IHA W MOSIBJISETCH 3JIECh TOJbKO B pe3yJbTaTe HEMOHSATHBIX
MoKa BBIUUCJIEHHH: MOYKHO JIMLIb HAJEAThCS, UTO 3Ta
CB$13b OO'BSICHUTCS] B UeTHOMEPHOM CHUMIJIEKTHUECKOM F'
(ha30BOM MPOCTPAHCTBE. L(p)

Caeacteue 1. Yucao obopomos sexmopa L(g)
sokpye Hyss npu usmenenut ¢ om 0 do 2n menvuLe
UAl PasHO yucay —2.

N60 31O 11€/10€ YNCA0 U TIO TeopeMe OHO CTPOTro Qj DF
MeHblIe, yeM — 1.

Caencreue 2. Yucao nyseii D-eunepboauyeckoil
pyrkyuu F Ha okpyacHocmu (@ makoce wucio Hy-
Aell ee npou3BOOHOL) He MeHbule Hemblpex: Puc. 10. /lsa o6opoTa

BOKPYI Hyns
-(o: Flpo) =0) 24, (o1 F'(q0) =0) > 4.
V60 nsist coBepiienust 0qHOrO 060poTa BeKTOpa L. BOKPYT HYJIsT IPUXOIUT-
cs dsascObl iepecekaTh Kaxayto U3 oceil kKoopauHat (puc. 10).

CaencrBue 3. Hrndekcor D-odnopodwoti D-eunepboiuveckoii ymk-
WUl 0epaHuieHvl HepaseHcmaamu

ind(M +iN) < -2,
ind(y) <0,
ind(xpecty) <O0.
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[lepBoe HepaBeHCTBO cJiellyeT M3 TeopeMbl 4 pasnena 3, BBUILY CJejl-
CTBHSI 2, a OCTaJibHble BBHITEKAIOT U3 Hero (Mo TeopeMme 3 pasjiena 3 W Te-
opeme 2 paznena 2).

[TocTpoeHHbIe BbIllIE TPUMEPDI JIOCTABJISIIOT JIHIIb OTPULIATE/bHbBIE HHIEK-
Cbl, MOJIyJIb KOTOPBIX pacTeT ¢ D He Measennee, uem v/D. Bonpoc o 3amos-
HeHHH NIPUMEPAMU MHTepBaa HHACKCOB 0T —v/D 10 —2 o6cysKaaeTcs HIKe,
B pazesie 8 U peliaeTcs Mo-pasHomy Aisi D-runepOonuecKuX MHOTOUIEHOB
U 71t D-runep6oMuecKUx 0JHOPOAHBIX (DYHKIHI.

Caencreue 4. /[ D-eunepbosuueckoeo 00HOPOOHO20 MHOLOUACHA
¢ HewemHoim D uHOeKcoL 0epaHuUeHbl HePaABeHCMBAMU

ind(M +iN) < =3, ind(y) < —1, ind(kpecry) < _%,

3ameuanue. B oTiiMude OT MHOTOWIEHOB, (YHKIMH (CM. pasnen 8) BO3-
mMoxkHbl ¢ ind(y) = 0. CsienctBre 4 BbITeKaeT U3 TOrO, UTO HEUETHOE UMCJIO,
He MPeBOCXOsIlIee UNCI0 —2, He MPEBOCXOJUT U UHCIO —3.

Mpumep. [Tycts D = 3. [1ns 3-runep6oaMIeCKOr0 MHOTOUIEHA BBIMOJIHS-
I0TCSl HepaBeHCTBa (cyencTBHe 4 U TeopeMa 4 pasaena 3)

ind(M +iN) < =3, |ind(M +iN)| < 3.

3nauut, ind(M +iN) = —3. CsenoparenbHo,

ind(y) =—1, ind(xkpecry) = —%

JIJIST BCAKOTI'O 3—FI/IH€])60JIH‘I€CKOI‘O MHOIro4Ji€Ha.

[Tosoxkum F=cos(39). Torna f =Re(x+iy)* = x*—3xy?, nosromy Bropbie
IPOM3BOJIHBIE CYTh

(a=6x,b=—6y, c=—6x), ac—b’>=-36r"<0.

Wrak, MHorouseH [ siBisieTcst 3-runepOosuuHbiM, a — ¢ = 12x, 2b = —12y.
CraJio ObITh, €ro MHIEKCHI JIETKO BbIUMCJISIFOTCS

ind(a — ¢+ 2ib) = ind(y) = — 1.
[To onpenensitotium M u N cdopmysiam (Teopema 3 pasjiesa 3), Mbl HAXOJUM
M =12cos(3p), N =—12sin(3p).

CaenoarennHto, ind(M+iN) = —3, ind(kpecty) = —1/2 (cm. pasneni 2, 3).
Takum 06pazom, Mbl PELbSIBUIN TIPUMEP MHOTOUJIEHA, /15T KOTOPOTO He-
paBeHCTBa < CJIeJICTBUSI 4 ob6patuich B paBeHcTBa (npu D = 3).
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Paccemorpum Takeke 60Jblve 3Hauenus: D. Pynxuus F=cos(3¢) ocraercs
D-runep6osuueckoil npu D < 9 (teopema | pasnena 5). [Tosaras D =3, 5,
7, Mbl TiostyyaeM D-rurep6osiiueckie MHOTOUNEHBI fp(x, y), AJIsT KOTOPBIX
BBINOJIHEHDBI YCJIOBHSI

M=[D(D-2)+9]F, N=—(6D—6)F.
Takum 06pa30M, JJId 9TUX MHOT'OUYJIEHOB

ind(M +iN) = =3, ind(y) = ~1, ind(kpecry) = —g.

[Ipu D =9 mbl nosiyyaeM yxKe He MHOTOUJIEH, HO OJHOPOJAHYIO (YyHKUHIO C
TaKUMH HHJEKCAMH.

Teopema 2. Muocoobpa3sue scex 3-eunepboauueckux MHO2OYACHOB
CBABHO.

JlokaszaTedabcTso. Takoi MHorouneH umeer Bua Ax® + Bx’y + Cxy’ +
+ Dy3. Ero Bropbie npoussoanbie cyth @ = 6Ax + 2By, b = 2Bx + 2Cy,
¢ =2Cx+6Dy. [TosTomy ero reccuat eCTb MHOTOUJIEH

H = 4(3AC — B)x* + 4(3BD — C?)y* + 2(18AD — 2BC)xy.

Yeaosue 3-runepbosuunoctd H < 0 MoxKHO 3anucarb B BUAE OTPULATEbHOM
onpesie/IeHHOCTH opMbl H OT x U y:

16(3AC — B*)(3BD — C?) — 4(9AD — BC)* > 0,
3AC < B?, 3BD< C.

Bpauenuem muockoctd {(x, y)} Bcerma MoxKHO, COXpaHsisi THIepOOIHY-
HOCTb, YHHUTOXKUTb Ko3(duunent A. B TpexmepHOM INpocTpaHCTBe, Tie
A =0, ycoBre 3-runep6oMMUHOCTH TPUHUMAET BUJL

{4B*(3BD — C*) + B°C* <0, B*>0,3BD < C’},
TO €CTb BUJL TpeX OJHOBPEMEHHO BbINTOJHEHHBIX y'CJ'[OBI/Iﬁ
{4(3BD — C* + C* <0, 3BD < C* B #0},
HHbIMHU CJIOBAMH, yC.]]OBI/Iﬁ
{3C*—12BD >0, 3BD < C?, B #0}.

Ocraercst amtib yeaosue {C? > 4BD, B # 0}, tak kak npu BD < 0 nepsblie
JIBa orpanuuenust ucuesatot, a npu BD >0 uz C? > 4BD caenyer C? > 3BD.

OxkonuaresibHO, B runepniockoctd A = 0 nmogyuatorcs aBe 06JacTH (BHe
konyca C? = 4BD u mjockoctd B = 0) 3-runep6o/iMueckux MHOIOUJIEHOB.
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Ho B ueTbipexMepHOM MPOCTPAHCTBE MHOTOWIEHOB ¢ KO3((HIIMEHTaMH
(A, B, C, D) 311 1Be 06J1aCTH COEIMHEHbBI TyTeM B MPOCTPAHCTBE 3-runep6o-
JIMYECKUX MHOTOUJIEHOB. [leficTBUTEIBbHO, MOCTENEHHBIH TTOBOPOT TJIOCKOCTH
{(x, y)} Ha yruet ot 0 10 T OcTaBJIsIET 3-THUepPOONHUECKHE MHOTOUJIEHD] 3-TH-
nepboJsiueckumMu U coeaunser Touky (A, B, C, D) ¢ (-A, =B, —C, —D).
[TosTomMy 06e KOMIMOHEHTbI MPOCTPAHCTBA 3-THIEPGOJHUUECKUX MHOTOUJIEHOB
¢ A = 0 npeaCTaBASIOT OJIHY KOMIOHEHTY CBSI3HOCTH MPOCTPAHCTBA BCEX
3-runepOoHUeCKUX MHOTOUJIEHOB, UTO U 0OKAa3bIBAET TEOPEMY. O

3ameuanue. CylllecTByeT HHTEpeCHAs JBOHCTBEHHOCTb Mexy D;-0aHO-
POJIHOCTBIO U Dy-0JHOPOJIHOCTBIO, rie Dy + Dy =2 (TouHee, M1y COOTBET-
CTBYIOLIMMH HHIEKCAMH).

JleiicTBUTENLHO, B 9TOM CJyuae

D((D;—2)=Dy(Dy—2), 2Dy—2=—(2D,—2).
CurenoBatesibHoO, 115l (PUKCHPOBAHHON (DyHKIMH [
Mp, =Mp,, Np,=—Np,.
[TosTOMY BBIMOJIHSIIOTCST COOTHOLIEHUST MEXKIY HHAEKCAMH
ind(Mp, + iNp,) = —ind(Mp, +iNp,), ind(yp,) +ind(yp,) =4,
rie ind(y) = ind(M + iN) + 2. B atux dopmysiax oHOpoHble (HYHKIIHH
fi=r""Fg) wn fo=r"F(q),
JIBONCTBEHHbBIE JIPYT APYTY, HE MOTYT ObITh 06€ MHOTOUJIEHAMH.

[TpoTHBOpeuUs ¢ HepaBeHCTBAMH JI/ISi HHAEKCOB He BO3HUKAET MOTOMY, UTO
NpH BbIBOJE 3THX HEpPaBEHCTB Mbl Be3je npeanoJaranu, uro D > 1, na u
rUnep6OJMYHOCTD f U fo — pasHble BellH.

8. TexHuka koHCTpyuposaHus D-runepboanyeckux
pyHKUMK, ypaBHeHne [ecce n akcTpemanbHoe
BpaljeHue ero ¢pa3oBoro BEKTOPa

M3noxeHHble HUXKe MPUHEMbl NOCTPOeHUsT D-runepOosMuecKux [ajKUX
(byHKLMH O3BOJISIOT peasi30BaTh MVIaJAKUMH OJHOPOIHBIMH (PYHKLHSMU CTe-
neHd D 3HAueHHs MHIEKCOB, CBSI3aHHBIX C HUMH, YIOBJIETBOPSIOLIME €CTe-
CTBEHHBIM OTPaHUUEHUSIM, KOTOpble YxKe OblIH yKasaHbl Bblllle. JTa TeX-
HHKA 3aBUCHT B OCHOBHOM OT Te€OPHHM OOBIKHOBEHHBIX NH(hepeHIHaIbHbIX
ypaBHEHHH, MPUMEHEHHOH K ypaBHeHHIO [ecce, KOTOPOMY YIOBJETBOPSIOT
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IKCTpeMaJibHO D-runep6osnueckie GyHKUUH — Te (DYHKIHH, JJIT KOTOPbIX
HepaBeHCTBO D-runepOoIMUHOCTH CTaHOBUTCS paBeHcTBOM. [losyuatoiinecs
3/1eCh pe3yJ/bTaThl 0 BPaUleHHH BEKTOpa (ha3oBOH MJIOCKOCTH OTHOCSITCS, B
CYUIHOCTH, K TEOPUH HEPABEHCTB MEXy TPOU3BOAHBIMU MVIALKHX (PYHKLHMH.
OHH COBEpILIEHHO OTJMUYHBI OT AHAJOTHUHBIX PE3YJIbTATOB, OTHOCSIIMXCS K
TPUTOHOMETPHUECKHM MHOTrOUJIeHaM (PMKCHPOBAHHOH CTeNeHH, KOTOpble Mbl
06CyHM B MOCJEYIOUMX Maparpadax u KOTOpkle, B OTJHUHE OT Pe3ybTaToB
Hacrosiulero naparpaga, oTHOCATCSl cKopee K ajreOpauuyeckoil reoMeTpuH,
uyeM K aHaJsusy.

Teopema 1. [Tycmo F — D-ecunepboauneckasn ¢pyuxyus, He obpauja-
rouwascs ede-aubo 8 0. Toeda ¢ynkyus F* asasemcs mam aD-eunepbo-
AU4ecKod.

JlokaszaTeJabcTBo. Beenem o603nauenust

F=F, D=uaD, H=HgF|=DF +DF(F)" —(D-1)(F)™
[Tpu Takux o603HaueHHsIX

(FY =aF*'F, (F)" =a(a— 1) F2F? + aF* ' F".
Ati hopMyJibl TO3BOJISIIOT BbIPA3UTh HOBBIH reccHaH H yepe3 [, a UMEHHO,

H=a?D*F* + aDlo(o — 1) F?*"2F2 4 oF2= ' F"| — (aD — 1)o2F2~2F" =
= 2F22[D*F? + DFF"|+ FY(a— 1)D — (aD — 1)]}.

3aMeHsis BTOpYIO KBaJpaTHYl0 cKoOKy Ha (1 — D), Mbl noJiyuaem ¢yHaaMeH-
TaJbHOE JIJIS1 3TOH TEOPHH TOXKJIECTBO

H = o®F*~*{H,[F]}.

Takum 06pasowm, H< 0, ecaiu Hp[F] < 0 (r.e. ecnu pyHkuusa F D-runep6o-
JinyHa), rpu yeqaosuu, uto F # 0, a # 0. Teopema | noxazana. O

Hast D-runep6osinueckoil (yHKUMH [ HaM y»Ke H3BECTHbI MPUMEPHI C
ind(M +iN) = —k, eciu k> > D (cm. pasnen b), nanpumep, F = cos(kg).
[Tpumensist Teopemy 1, Mbl noJiyuum QyHKIMIO F* ¢ Tem »Ke, uTo U st F,
MHIEKCOM —Fk, KoTopasi OyaeT noutd oD-runep6osuueckoi (y1oBaeTBOPsIo-
el HepaBeHCTBY o) -runepOONMUHOCTH TOUTH BCIOALY, HCKJIOUAS JIMLIL HYJTH
dbyukumnn F). Tenepn unjeke k£ u crenenb D MOryT ObITh CBi3aHbl HEPABEH-
ctBoM k2 < D/a, T.e. ipu o> | MBI BLILLIN 32 PAMKH OTPaHHUeHHs] <KBAJApaT
MHJEKCa MeHblle CTereHW» cTapblx npumepoB. OcTaercs JiMLIb HCIPABUTDH
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Hally MOUTH rUMnepOoIHUeCcKy0 PYHKIMIO BOJIU3H HyJel QYHKUMK [, To6HBa-
sicb HacTosiled aD-runepOoJqMUHOCTH. DTO HUCMpaBJeHUEe U OMUCAHO HHUIKE.

Onpeneaenue. D-kpumuveckum 8eKmopHoim noiem na D-nopmannso-
BaHHO# (ha30Bol MyiocKoCTH ¢ KoopauHatamu (@ = DF, P = F") Ha3biBaeTcs
noJe (', P'), onpenenentoe ypapuennem lecce Hp[F]= 0 BTOporo nopsijika
OTHOCHTENIbHO (DYHKLMH F.

B tepmunax (yHKIMM /7 KOMITOHEHTBI 10JIsI UMeIOT eMblca Q'=DF', P'=F".
SIBHbII BUI BbIpaxKeHuil P’ u Q' uepe3 P u @) npuBesieH HuXe (hpopmyna (kx)).

Teopema 2. @Paszosvie kpussvie D-kpumiueckoeo 8eKMmMopHOO N0
y008.1emBoPsIOM YypasHeHUIM

PQ + QQ — CQQ—Q/D

ede 3a8ucAwas oM KpUol NOCMOAHHASA ¢ — NepsvLll uHmeepa.

ypaBHeHl/le KPUBbIX TEOPEMbI 2 qacTo yILO6H€€ 3allUCbIBATb B BHUE
(P2 + QQ)D _ CDQQD—Q

Mbl 6ynem HasblBaTh 3TH KpuBble D-kpumuueckumu Kpusoimi 1 0603Ha-
yath ux uepe3 ['.. Ouu uzobpaxennl Ha puc. 11 u 12.

P P CneyuabHolll 8eKmMop
Qs P
Ve

Q Q

Te e T
D-kpumuueckuii osan
Puc. 11. D-kpnTuyeckne kpusbie Puc. 12. D-runep60oam4HOCTb Kak
TPaHCBEPCaNbLHOCTD

HokaszarteabctBo. [lo onpenenenuio, Brojb D-Kputuiyeckoil aso-
BOH KPHUBOH BBIMOJHSAIOTCS] COOTHOLLEHHSI

dP_ 7 ﬂ_ /]
£_F, d(p_DF’
TaK 4To
ar _ F"
dQ ~ DF
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YpaBHenue Tecce Hp[F]=0 umeer Bun (§ 3)
D*F? + DFF" = (D — 1)F”, (%)
YTO B HALIMX 0603HAUEHMSIX 3aMUCHIBAETCS KaK
2 d_P _ . 2
Q +DQPdQ =(D-1)P.
Oto — nuddepenumnanbHoe ypaBHeHHe D-Kputuuecknx KpuBbiX. OTHOCH-

TeJbHO HepeMeHHOﬁ 1 = P? oHo suHelHoe HEOJIHOPOIHOE!

du  (2D—2u  2Q
dQ~  DQ D’

W3 oanoponnoro ypauenus du/dQ =hu/Q (A =2 —2/D), Mbl Haxomum
Inu=xrln Q+C,, u=C,Q". Tenepn, Bapbupyst nocTosiuyio Cy, MbI TIOJIydaeM

01+ (1) @
G =100+ (F2) @

. ACy Q*
4TO AOJI2KHO 6bITb paBHO ﬂpaBOH yacTu HeOI[HOpOIIHOFO ypaBHeHl/lﬂ, Q —
— % Urak, nast Cy Mbl MoJiydaeM ypaBHeHHe

de _ 2 00
dQ - L)Q )

13 KOTOPOTO HaXojauM (rpu A # 2)

. 2 QQ—)\

Yuurnbias, uro 2 —h=2/D (10 orpesiesIeHHI0 YhCa A), Mbl 3aKJI0YaeM, uTo
2/D
CQ = _Q / + C37

TO €CTb
U= _QQ/D+)\ + CSQ)\ — _QQ + C3Q2—2/D

M, B CHJIy OMpejiesieHnst u = P?, ypaBHeHHe SKCTPeMaslbHOH KPHUBOK HMeeT
TpebyeMblil B TeopeMe 2 BU

PP+ Q=GP m

3ameuanue. [TonyTHO MBI BEIUHCJHIN OJHOPOJHOE BEKTOPHOE MOJE, Ka-
catolleecs D-KPUTHUECKUX KPUBBIX; Mbl Oy/JleM Ha3blBaTb €ro CHeYUaAAbHbLM
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D—/cpumuttecxum noaem:

dQ _

7o =DP,

dP _ (D-1HP*—@° ()
do Q '

[TosnesHo TakxKe OTMETHTb HaliieHHYl0 HamK Ha miockocth {(P, @)} cne-

yuaroHyro oughdeperyuaroiyo gopmy

dQ

do = —=. Kokk

= pp (xxx)

drta dopmyJ/a Mo3BoJsIET BOCCTAHABINBATL Mapamerp ¢, 3Hasi (Gpa3oBylo

KPHBYIO.

3ameuanune. Bun D-xputnueckux KpuBbIX I'c, siceH M3 WX ypaBHeHMs,

JIOCTABJISIIONIETO KOBAJ/bI» ¢ OCOOEHHOCTBIO B HYyJIE:

2/D
P=2VC,Q 7 1 - L
3
Brnosb D-kputnueckoit KpuBoit popma d¢ UMeeT BHJ1, He 3aBHCALLHI OT D
u ot Cy»:

@_ dq q_Ql/D
DP vl—qQ’ \/C_s

Huterpan dopmbl d¢ B1OMbL Beero «oBata» Kpusoh L',

_ _ ¢ 49
n—%d@—ﬁc P

3

He 3aBMCHMT HHM OT Cs, HUM jlake oT D — 3TO BMJIHO, HaNpHUMep, U3 MPHHAJL-
Jexamnx Jleonapno na Bunum coobpaxkenuii mopobusi: Kpusast ul'c, ecTb

Q _ [ dQ ; .
Leyom, a %F p = 7€F op V7 mo6oil (Heo6s13aTeIbHO KPUTHUECKOH) KpH

Boil I'. Bripouem, Bo BBe/ICHHbIX TOJILKO UTO 0603HAUeHHUsIX, @ = arcsing (st
D-KpUTHYECKUX KPUBBIX).

CummetpuuHble apyr apyry touku (@, P), (—@, P), (@, —P), (—Q, —P)
JiexKaT Ha OJHOU U Tol ke D-xpuruueckoil kpusoil I'c (puc. 11).

Yenosue D-runep6osuuHOCTH (PYHKLMH £ JIETKO BBIPA3HTb B TepMHUHAX
D-xputnuecknx kpusbix. [1ycts P # 0.

Teopema 3. Kpusas {(Q=DF(¢), P=F'(9))} coomsemcmsyem D-eu-
nepboauueckoll gynkyun F ecau u moavko ecau oHa 8x00um mparc-
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gepcaavro (6e3 kacanus ¢ D-kpumuyeckumi kpusoimu) 8 osasvt I'c npu
ycaosuu dsudcerus 8 Hanpasaerun dQ >0 npu Q >0 u 8 Hanpasaeruu
dQ <0 npu @ <O.

JlokazaTenbcTBO. PaccMOoTpUM oOnpenesuTesb, COCTABAEHHBIH H3
CreluabHOTO BeKTOpa (#%) U Bekropa ckopoctd Vip (Q = DF', P = F"),
ornpejiesieHHoro yHkurei £ (puc. 12):

_ 2 _ N2
pp CEDE=L g pp D= DF D
DF’ F bF

- FF[DQFQ 4 DFF" —(D = 1)F?).

Ecau 3uaku BesunH £ 1 F’' oHakoBbl, To Jist D-rurnep6osnueckoil pyHK-
uuu F onpenenuTesb OTpUllaTesieH (COTIAaCHO YCJIOBHIO D-THrnep6osHuHO-
cTH (¥) u3 paszaena 3). B atom cayuae Bektop Vr ¢ Komnonentamu (Q°, P°)
HamnpasJieH 8Hympob oBajia D-KpuTHueckok KpuBo#. OcTalbHble cjyyan pac-
CMAaTPUBAIOTCS TAKHM 2Ke 00pa3oM: BaxKeH JIMLb 3HAK OMpeaenuTels. O

3ameuanue 1. [Ipu @ = 0 ycsoBHe TpaHCBepCcaJbHOCTH COCTOMUT B TOM,
uro F' # 0. B uckiiouennom B teopeme ciayuyae P = 0 M0xkHO 6bl10 Gbl MO-
TpeGoBaTh BbIMOJHEHHST YCTOBUS

F(DF+F") <0, |P|>Q.

B tepmuHax kpuBo# Ha nuiockoctd {(@, P)} B TOUKax repeceueHusi ¢ ochblo
P =0 kpusas, coomsemcmsyoujas D-eunepboruueckoil ¢ynkyuu F,
00MHCHA UMEMb MeHbULYI0 KPUBUSHY, em D-kpumuueckasa kpusas, npo-
xooauwas yepes my e mouxy ocu P=0.

JleiicTBUTENBHO, TYCTh F=co+ o9 +. .., F/ =200 +..., F' =2cy+...
B atom cayuae ycaoBue D-runep6oauyHocTd B 0 HMeeT BHJL

(D*F? + DFF" — (D — 1)F”)(0) = D*c} + 2Dcycq < 0. (%)
B tepmunax kpuBo# Ha muiockocTd {(Q, P)}, Mbl nosyuaem

P P?

=—+..., =DF=Dcy+ Dcy— + ...,
¢ 20 Q 0 2403
PQ
TaK 4TO BJI0JIb Halled KpUBOH @ = @ +K07 + ..., rne KpuBu3Ha K, paBHa

D
Ko = 20 YeaoBue D-runep6osuHocTy B Touke Ha ocu P =0 (%) 3anuchbi-
2
Baetcs B BUJE Co(Dcy+ 2¢3) < 0, Tak uTO 3HAK Cy MPOTHUBOIOJIOXKEH 3HAKY Co
1
u |2¢o| > Dlcol, |K| < ol
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Jlnst crannapTHoil D-KpUTHUECKOH KPUBOK HEPAaBEHCTBO (*() obpalaercs
B PaBeHCTBO, T.e. 2¢; = —Dcy, Kyand = —1/co. Bbienennoe Bbite yeso-
BHe D-TunepGOJHYHOCTH B TePMHHAX KPUBH3HBI JI0KazaHo. Bo BBeleHHbIX
0603HaueHusIX 3T0 ycaoBue D-runepGosruuHocTd B Touke (Q)g, 0) umeer BUJ
|Ko| < |D/ Q| (3uak K, npotusomnoioxen 3Haky Q).

3ameuanue 2. Ecaun kpusasi D-runep6osuna npu P # 0, To mpu P =0
BBITIOJIHsIETCS HecTporoe HepaeHcTBo |Ko| < 1/]cg|. B cayuae pabenctsa Ky-
GHUECKHIT u/leH pasiokeHus F = ¢+ o+ ¢3¢ +. .. 0053aTesIbHO HCue3aer
(c3=0). Ho usnien ¢y9* Mmoxker oGecrieunTsb BbinoJiHeHHe HepaBeHcTsa Hp < 0
B OKPECTHOCTH ToukH P = 0, cKJIouasi caMy 3Ty TOUKy: B 9TOM CJlyuae Halla
KpuBasi He siBjsietcsi D-runep6osuueckoit (B Touke P = 0).

Tenepb Mbl npucTynaeM K UcnpasiieHHIo noumu D-runepOoJHUHOCTH.

Teopema 4. [lycmo F — eradkas D-eunepboauveckas ¢ynkyus c
npocmolmu KOpHamu, u nycmo o> 1. Toeda ¢pymnkyus

F, = (signF)|F|*

(komopas aD-eunepboauuna mam, ede F #0) donyckaem maryio cio-
dy aD-eunepboauueckyio degpopmayuro F, omauyHyro om F moavko
8 OKPeCmHOCMAX KOPHell yHKyuU 1 UMeIOW Yo CMOAbKO dce KOpHel,
ckoabKo pynryus F.

JokasaTesnbcTBO. BBuly JIOKaJbHOCTH 3TOH TeOpeMbl, J0CTaTOUHO
paccMoTpeTb cJjyuail, Korja f nMeeT OfMH NpocToil KopeHb. Mbl BbiGepeM
Hayaso OCH KOOPJHMHAT ¢ B 3TOM KOpHe.

B repmunax xpusbix {Q = (aD)F,, P = F} na aD-HopMa/au30BaHHOM
(ha30BOM TJIOCKOCTH, TPYAHOCTb MPEJCTaBJsIET JHIIb Hauyalao KOOpAHHAT
(=0,P=0).

Hapsiny ¢ muockocetbio {(Q, P)}, yno6Ho paccMaTpuBath €lle 1 «BTOPYIO
MJI0CKOCTb» ¢ Koopanuatamu (@, 1/P). Hatua ucxoauas kpusas T, MOCTPO-
eHHasl 1Mo (yHKUHH F,, MPOXOAUT Yepe3 Haua 0 KOOPAMHAT HOPMAJIH30BaHHOM
(ha30BO# TJIOCKOCTH, M BHE €ro TpaHCBepCasbHO TepecekaeT aD-KpuTHUe-
ckue Kkpusble ['¢, Tak:Ke BXoJsllIMe B Haual0 KOOpJIHUHAT.

MbI nenpaBuM KpuByIo L', OTOJBHHYB ee OT Haua/a KOOPJIMHAT BJLOJIb
ocu P. Jlast mpocToThl Npeanosoxkum, uro P > 0 srosb I' B okpecTHOCTH
toukn O (Mckmiouast 3Ty TOouky). Mel caerka npopedopmupyem I' BHH3 —
yMmenbiias P — B ayx Omu3kux k 0 HHTepBasjax cJjeBa W CrpaBa OT HYJs
(«mecpopmanmst A»), a 3aTeM BBepX — yBeJHUHBAst P — MeXJy YNOMSIHYThI-
MU JIByMsl HHTepBajaMu («B-aedopmanus») (puc. 13).
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ITporepopmipoBantast Kpupasi, I', Gyer oD-runepGoanieckoii, Tak Kak
oHa TpaHcBepcasibHO Nepecekaer aD-KpuTHueckue Kpusble. Jlist Toro, uto-
6bl 5Ta npojedopMHpoBaHHas Kpubast I' COOTBETCTBOBaJ A HEKOTOPOK MPO-
J1ehOpMHUPOBAHHON (DYHKIHH, F,, 6auskoit k F,, HY>KHO TOJIbKO, 4YTOObI Y
9THX (DYHKUMHA COBMafa i 06/1aCcTH onpejesienust (MK MepUOJIbl, eCJH CUH-
TaTb WX OMpeleJeHHbIMH Ha BCel OCH @), T.e. uToObl HHTerpasbl hopMbl
do=dQ/(aDP) B10JIb BO3MYIIEHHON H HEBO3MYLIEHHOH KPUBbIX COBMAIAJH.

/P
B
T
r Le
A A
Q
Puc. 13. A—,aezpopmaumv/\ Puc. 14. A- n B-gecpopmaynn Ha
u B-pepopmayns kpusoi T’ BTOPOM MAOCKOCTH

[Tpu A-nedopmannn o6pas KpHBO# Ha BTOPOH MJIOCKOCTH (pHc. 14) caerka
TMOJHUMAETCS, TO3TOMY HHTerpas ot d¢ pactert. [1pu B-nedopmaunn kpusas
Ha BTOPO TJIOCKOCTH OIyCKaeTCsl, yMeHbIIasl HHTerpaJl. R
3ametum, uTo uHTerpas ot dopmbl dQ/(aDP) BaoabL HcXOaAHOH KpuBoi T
CXOJIUTCS: BAOJIb Hee

(Q~aDC*¢*, P~aC*¢*™") npu F~Co ,

B OKPECTHOCTH TMPOCTOro HYJIs. OTcrona /

A+ /
CJIENYET, UTO asFm |
(dQ/(aDP) = dg) ~ dQ/(CQ"~"), 710 e
C= oc“*‘/“’D‘/“C, a A_
H CXOIAUMOCTDb obecrieyuBaercs HepaBeH- /’/
ctBom | — 1/a < 1. Fa |

Urak, B-nedopmaiuio MOKHO BbIOpPaTh
TaK, uTOObl HHTETPaJ OT (hOPMBI d¢p yMEHb-
LIKJICS CKOJIb yroawo masio. [Tostomy MoxkHo mono6pats A- u B-nepopmariiu
Tak, uToObl Mpu nepexose oT Kpusoi I' k kpusoit I' uHTerpan ot dopmbl do
He M3MEHHJICH. O

Puc. 15. [legpopmauyus ¢pyHkuymn Fy

3ameuanue. B TepmuHax ¢yHkumu F, (o > 1) Hauy npouenypy nedop-
Mallli MOXKHO oThcaTh Tak (puc. 15).

Onepayus A: ¢yukuus F, 3aMeHseTcss Ha paspbiBHYI (DYHKIMIO
Fy(p+¢ed(9)), rae raanxas BHe O pyHkuMs & paBHa 0 BHe MaJsIoil OKPECTHOCTH
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toukn ¢ = 0, paBHa KoHcTaHTe 3, > 0 B MaJIoil MOJIOKHTEJBHON MOJTY-
OKPECTHOCTH HyJs, d_ < 0 B Masioll OTpULIATE/bHON (MOXKHO 1axKe BbIOpaTh
. =—d,).

Onepayusa B. Tenepb dyHKUMSA 5[, OT ¢ onpejessieTcsl KaK yKasaHHasi
Bbillle (pa3pbiBHast B Touke ¢ = 0) cjoxKHas QyHKUHS, rpadHK KOTOPOIt 3aTeM
CTVIa’KMBaeTCsl TyTeM 3aMeHbl B HeM OJIM3KOH K Touke ¢ = 0 uacTH ABOHHON
KacatesbHol A_A ., npoxoasiieil uepe3 Touku Kacanust A, u A_ Kacatesb-
HOM ¢ rpacukoM. JIerko BueTh, 4To (NoJyueHHas elle criaKuBaHuem BOJIU3H
Touek Kacanusi) C°°-dyHKIus [?(x oynet aD-runepOonuecKoi.

JleficTBUTENIbHO, CPaBHUM 3HAueHus reccuana H,p nis F, v aas F, B TOU-
Kax ¢ OJIMHAKOBBIM 3HAUCHHEM BEJIHUHHbI Q = DaF, (COOTBETCTEHHO, DoF, )
Jlast F, cnaraemoe ¢ FF" paBHo 0 mexxny A_ n A, a cnaraemoe —(Da— I)F’2
GoJiee oTpuLaTeabHo, yeM Ajst F,. Caaraemble xe Buga (Do)?F? B cooTBeT-
CTBYIOLIMX TouKax ¢ # 0 omuHaKoBbl y obenx ¢yHnkumit. Mrak,

HaD[ﬁa] < chD[ch]

B COOTBeTCTBylOUIMX Toukax. [lostomy ycmaoBue H,p[F,] < 0 (c paBeH-
CTBOM JIHIlIb B KOPHSIX) BJICUET 3a COGOH HepaBeHCTBO o) -THIepOOJTHIHOCTH
H,p[F.] <0 Besne.

CaencrBue. Jasa awboeo D > 1 cyujecmsyem D-eunepboauneckas
C®-hyHKYUL HQ OKPYICHOCMU, UMEIOWAsl POBHO 4 Kpumudeckue mo4-
KU makas, 4mo

ind(M+iN)=-2, ind(y) =0, ind(xkpecty)=0.

HokaszatenbcTBo. Oynkuus F = cos(2¢) sBasercs m-runepooand-
HOM 1 Kaxkaoro m, 1 <m <4 (pasnen 5). [Tostomy cyliecTByeT Bo3Myllie-
HUe [?(x dynkumu £, Teopemnl 4, Kotopoe (am = D)-runep6bouuHo (Hy»KHO
BbIGpaTh o0 = D/m > 1, 115t uero Hy»Ho, utobbl m < D).

Ho uucisio Hynell QyHKUMH He MeHsieTcsl MpH Bo3mylleHusx A u B no-
KazaTtesabcTBa Teopembl 4. [TosToMy uncsno KputHueckux Touek D-rumnep6o-
JIMUECKOH (PYyHKUMH F, (paBHOE uMcay ee HyJiell 110 TeopeMe 4 pasaena 3 U
corJiacHo pasjeday 4) paBHo 4. O

3ameuanue 3. MoxHO Obl10 Obl HauaTh ¢ QyHKUUM cos(kp), m-runep-
Gosmueckoit npu 1 < m < k2. Ml nostyuusiu 6bl (o = D)-runepGosuueckue
(yHKIMH ¢ 2k KPUTHUECKHUMH TOUKaMM TpH jto6oM D > 1, BeiGupas m < D.

3ameuanue 4. Onuiiem apyroit cnoco6 orunepOOJHUHBAHUS MOUTH TH-
nepGosHUecKiX (yHKIMIT Bpoje cos?(kp), HMEIOLIMX HYJIH C aCHMITOTHKO
F=Clo|"+... (ckaxem, C >0, c uesbim m > 1).
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[Tpeanonoxxum, uto Pynkuust F D-runep6onnuna mpu ¢ # 0.

Teopema 5. Caedyroujan koncmpykyus deaaem noumu D-eunepbo-
auyeckyro pyukyuio scrody D-eunepboauveckotl: epagux dynkyuu F
meancdy 0syms moukamu +A, 6ausKuMU K
¢ =0, 3amensemcs ompeakamiL Kacamero- F
HbLX K HeMY 8 Imux moukax (co cearancusa-
HUem yera mendy KAcameabHolMu 8 moy-
Ke R ux nepeceuenus, puc. 16).

JlokazarteabctBo. [lo ycaoButo ' ~ A‘ g A‘ 5
~mCq™=', F" ~ m(m—1)Ce™=?%, Tak uto + -

Hp|F]= D*F? + DFF" — (D — 1)F"* ~
~[Dm(m—1)C* = (D — 1)m>C2Jp™" > + . ..

Puc. 16. Orunep6onunumnpaHue

Yenosue D-runepbosnunoctd (Hp < 0) nNpUBOAMT K HepaBeHCTBY
Dim—-1)<(D—-1)ym,1e. m<D.

OpuHaTa TouKH R nepeceueHdsi KacaTesbHbIX olleHHBaeTcs Kak |OR| <
< K|A|™. dast dyHKuMH, rpaduK KOTOPOH COCTaBJIeH M3 JBYX KacaTesbHbIX
(MckJIoYast TOUKy MX repecedeHust R), Mbl MosyuaeM HepaBeHCTBO D-rumnep-
6OJUUHOCTH

Hp < —(D—1)m*C*A*"* + O(A*™) < 0

(ciaraemoe, comepxkaiuee F, obpawaercss B 0 Ha KacaTejbHbX, a [? =
= O(A*™)).

CryiaxkuBaHHe Jie1laeT BTOPYIO MPOU3BOJHYIO [ MOJIOKHUTEJNbHON TaM, Te
(hyHKLMS OTpUllaTesbHA, TaK UTO 3HAueHHe [{p MPH ITOM yMeHblIaeTcs H
OCTaeTCsl OTPULIATEBHBIM, UTO U JIOKa3bIBAET TEOPEMY. O

3ameuaHue. DTHM METOJOM MOXKHO BOCIMOJIb30BAThCS, UTOOBI MOCTPO-
UTh D-runep6o/nueckde (QYHKUUH TMyTeM MaJbix aedopMauuil (hyHKIHHI
| cos*(kyp)|, paccmarpuBast Ux Kak (am = D)-runepGosnueckue.

Ho npu noxasaresnbcTBe TeopeMbl D Mbl y0gausaem UncJI0 KOpHEH, TaK UTo
OHO CTAHOBMTCS paBHbIM 4k. Uncsi0 KpUTHUECKHX ToueK (QYHKUHHU | cos* (k)]
C HEHyJIEBbIMH KPUTHUECKUMH 3HAUEHUSMH PaBHO 2k.

[Ipu crnaxkuBaHusX Mbl 106aB/sieM elle 2k KPUTHUECKHX TOUEK, TAK UTO
y npoJeOPMHPOBAHHON (PYHKIMU OyJeT 42 KPUTHUECKHX TOUEK — CTOJbKO
Ke, CKOJIbKO HyJsiel (KaK W J0J/LKHO ObiTh y D-runep6osuueckoil hyHKLMH
COTJIaCHO pasjiedy 4).
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MABA IV

ACTPOUJA

9. MHoro4neHbl 4eTBEPTOM CTENEHU
M X acTpoufganbHash KayCcTuka

PaccMmoTpuM ceMeilcTBO 2n-nepuouecKuX (hyHKIHI
Fap(®) = Acos(®) + Bsin(®) + cos(2®),

3aBHCSILIMX elle OT ABYX BellecTBeHHbIX napamerpos ((A, B) € R?).

Teopema 1. Obaacmu naockocmu {(A, B)}, o6pasosarrsie mpueoro-
MempuuecKumu MHo2oUAeHam Fq g ¢ uemolpoms u ¢ 08yms Kpumuye-
ckumu moukanu ® € S' (= R mod 2r), pasdessomes acmpoudoii

{(A=—4cos’(®)), B= 4sin3(<I>0))},

napamempudosarHol 30ecy 080liHOL kKpumuieckol moukoi ®g.
Acmpouda ssasemcs makoce cUNOYUKAOUOOL ¢ 4emoLpoMsl MOUKAMU
sosspama (06pasom omobpancenus t — 3e'' + e u ydosiemsopsem

YPABHEHILIO
A 2/3 B 2/3
(5) +(5) =t

Kacameavnaa k acmpoude 8 mouke, coomsemcemsyioujeii @, umeem
Hanpasasiowum sekmopom (cos g, sin ®y) u cocmoum us mHoeoUNCHOB
¢ moii sice kpumuyeckoii moukoi ®,. Hopmane k acmpoude 8 amoii moy-
Ke coCmoum u3 MHo204AeHo8 ¢ motl sce moukoil nepeeuda (F"'(®y) =0)
epaguka.

(B sTom naparpacde mMbl 0603HauUaeM MPOU3BOJHYIO 10 P LITPUXOM).

JlokazaTtesnbcTBo. [losb3ysach o603HauUEHUAME

c=cos(®), s=sin(®), co=cos(2®), sy=sin(29),
Mbl MOXKEM 3aMUCaTh ypaBHEHHE KPUTHUECKHX TOUEK
—As+Bc—2s,=0 (1)

¥ ypaBHeHHe Touek reperu6a rpacuka GpyHKUUH F

—Ac—Bs —4c, =0. (2)
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Periast 3Ty cHcTeMy JIMHEHHBIX OTHOCHTEbHO A U B ypaBHeHHH, Mbl 110-
Jlyqaem
{A = —2ssy —4ccy, B=2csy —4scy}.

YuurbiBast paBeHcTBa Sg = 28¢, o = ¢? —s*=2¢? — 1, Mbl MOXKEM NepenucaTh
OTBeT B BUJIE
A= —dc(l —c?) —4c(2c* — 1) = —4c?,
{ B =4s(1 —s?) — 4s(1 — 25%) = 4s°.

[Tpn A = B = 0 kputhHueckux Touek 4, Mo3Tomy Hx 4 BCIOLy BHYTPH acTpo-
uapl. [1pu nepeceueHun acTpouibl YHCJIO BELLECTBEHHBIX KPUTHUECKHX TOUEK
YMEHbILIAETCS HA 2 M OCTAETCsl PAaBHBIM 2 Be3jie BHE OrPaHHUEHHOTO acTpOM-
Joil 6yOHOBOrO Ty3a. o

3ameuanue. CoBepllleHHO TaKHe YK€ BBIUHUCJIEHUsI JIOCTABJSIOT adpduHHO
9KBUBAJIEHTHYIO acTPOMJIe KPUBYIO B KaueCTBe KAyCTHKH 3JIUICA, pas3iessi-
IOLIEH TOUKM TUIOCKOCTH, U3 KOTOPBIX HCXOJSAT UEThIpe TepreHaAHKYASPHBIX
3JUIMICY TIPSIMble, OT TeX, TJle TaKUX MPSMbIX TOJbKO JiBe. B 3TOM ciyuae
B KauecTBe (PYHKLMH Jyullle B3siTh KBAJpaT PACCTOSIHUSI OT TOUYKH TJIOCKOCTH
JIO ToukM 3jumnca (puc. 17).

[Tpu mepemellieHHH MO KacaTebHOH K acTPOMJIE,
(AN) = Ag+hcos Py, B(\) = By+ hsin®y),

cooTHouleHue (1) coxpansiercsi, Tak uto Touka P, ocraercsi KpUTHUECKON.
[1pu 5TOM CKOPOCTb M3MeHEHHs] KPUTHUECKOTO

gnauennst Fy p(®o) npu 1BUKEHUH BAOJb 3TOH

KacaTesJbHOH K acTpPOMIE ecTh

dFas(®) _ |
a7
TakK 4ToO

Fa0y.800(®0) = Fa), 80 (®o) + A

Jns yseaunenus KpUTHUECKOTO 3HAUYEHUS

HY>KHO JABHUTaTbCA 110 KacaTeJbHOH K acTpo-

une 8 Hanpasieruu dh > 0, B kotopom ¢

pacTer, eciu (QYHKUMH S W C OJHOTO 3HAKA  Pyuc 17. Kaycruka snnmnca

(T.e. ecait A ¥ B NpOTHBOMOJIOKHBIX 3HAKOB); u ero Hopmanu

npu Awun B OJIHOI'O 3HaKa HIJisl yBEJHUUYECHUS

KPUTHUYECKOro 3HAYE€HHUs HAAO ABUraTbCsl B HAMpPaBJCHUHW YMEHbUICHUS d.
Takum o6pasolv1, HamnpaBJJCHUsT <TTOJOKHUTEJbHBIX MOJYyKacaTeJbHbIX>», Ha

KOTOpbIX A > (0, HerpepbIBHbI B TOUKAX BO3BpaTa acTpouibl (B TO BpeMs
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KaK OpHEHTHpYIOlllee acTPOUy HarpaB/eHue MeHsleTCsl B HUX). [lonodcu-
meabHoble NOAYKACAMeAbHble K acmpoude HanpasieHol 8 CMOPOHY
5 soa3pacmanus |B|, m.e. «agepx», npu B >0 u
A>0 A>0 «gHu3» npu B <0 (puc. 18).
[Tpu nBHKEHHH MO HOPMAJH K acTPOHJe,

(A¥(u) = Ag —usin @y, BY(u) = By +ucos @),

0 A coxpansiercsi ypaBHeHue (2), tak uto ®, ocraercs
TOuKO# mneperuba rpaduka. B stom ciyuae 3na-
ueHne Fyv g (Pg) He MeHsIETCS MTPU H3MEHEHHH U,

A>0 A>0 .
HO TIPOM3BOJIHAsE PACTET B/0JIb HOPMAJIU:

Puc. 18.
AcTpouga v opueHTaunsi ee Avm) va)(‘l)o) BV{O)((I)U) + M-

KacaTeJ/lbHbIX
’ J—
B Touke acrtpoumbl F V(O)YBV(O)(%)_O, M03TOMY

snauenue npoussodnoi I, 5, (®y) 8 moukax nopmaiu K acmpoude pas-
HO paccmosnuio 00 UCX0O0HOU MOUKU acmpoudst (¢ HYNICHOLM 3HAKOM).

[TosioxuTesbHAST OpUEHTALMST HOPMAJH TOJIYYAETCS] U3 TOJIOKUTEIbHOM
OpHEHTAIIMH KacaTebHOM (KOTOPYIO HY»KHO MoBepHyTh Ha 90° B HanpaB/ieHHH
ot ocd A K ocu B).

Uepes BHELIHHE M0 OTHOLIEHHIO K aCTPOHMJIE TOUKH MPOXOJST M0 JIBE HOP-
MaJii, COOTBETCTBYIOLIME UM «PACCTOSTHHUS» WU; H Uy — PA3HbIX 3HAKOB.

Takum ke 06pa3oM MOMHO KCIOJIb30BaTh KacaTelbHble K acTpouje s
BBIUHCJICHUST BEJHUHHBI TIPUPALLIEHHST BTOPOU TTPOU3BOAHOH

AO\) B(\ ((I’O) - A(O) B(0 ((I’O) -

— 3TO MpHpallleHhe paBHO (B35ITOMY CO 3HAKOM MHHYC) PacCTOSIHHIO BLOJb
KacaTesIbHOH 10 TOUKH KaCcaHHsl ¢ acTPOUI0H. DTOMY Ke UHC/Ty paBHa U caMa
BTOpast MPOU3BO/IHASA, TAK KaK B TOUKE aCTPOMbI-KayCTUKH F7) o 5o (®9) =0.
Cymma ¢pynuxyuu F u ee smopoti npouszsodnoti no ® ne mensaemca npu
dsudiceHul 8006 KacameavbHol K acmpoude-Kaycmuke.

OJHOPO/IHBIE MHOTOUJIEHBI UeTBEPTON cTenenH, f(x, y) = r*F(g), cootBer-
CTBYIOT €U€THBIM» TPHTOHOMETPHUECKHM MHOTOuJeHaM [~ crenenn 4. Bui6o-
pom MacmTaba u Hauajga KOOPAMHAT OCH ¢ MX MOXKHO CBECTH K BHY

Fa pr, (@) = Fo + A cos(2¢) + B sin(2¢) + cos(4¢g).

3ameHol KoopAHHATH 2¢=%@ Mbl CBOMM 3TO CEMEHCTBO, C TOYHOCTbIO 10
MOCTOSIHHOTO ¢J1araeMoro [y, K paccMaTpUBaBllIeMYCsl Bblllle 2-NapamMeTpuue-
CKOMY ceMelcTBY (pyHKLMI oT . Kak Mbl ceifuac yBUIMM, TIOJyUeHHbIE paHee
CBeIeHHs 00 acTPOMAAJIbHOH KAayCTHKE OY€Hb IOJIE3HBI /IS HCCJIEIOBAHUSA
MHOTro00pasusi 4-rurnepOoJMYecKHX OJHOPOJIHBIX MHOTOUJEHOB CTereHH 4.
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10. PpoHTbI acTpongel, TEOPUS rMIOYUKION/]
u 0bnactTu 4-runep6oan4HoOCTHU

3anuiiem ycaosue 4-runepbonuuHoctd (Hy[F] < 0) s ykazaHHOTO Bbi-
11le UETHOT0 TPUTOHOMETPHUECKOro MHOrousieHa F crerneHd 4. DTo ycjaoBue
JI0JDKHO BBITIOJIHATBCS MPH JIIOOOM 3HAU€HHUH ¢, HO Mbl BHauase 3a(UKCHpY-
eM 3To 3HaueHne. Mbl GyjeM TakKe M0Jib30BaThesl KoopauHatoil ® = 2¢ u
byden menepo 0b03HaUAMb NPOU3BOOHLLE NO @ wmpuxamu, a no & —

mouxkamu:
. d d . d _1d

%"’ T a3y
B 3t1x 0o603Hauenusix ycsaosue 4-runep6osMuHocTH ((*) U3 pasaena 3) npu-
HUMaeT BUI 4 57, (¢) < O, TIe HOPMHPOBAHHBIA TecCHaH C MapaMeTpamu
3anaercst GopmyJioi
H=4F@4F+F") = 3F",

TaK 4TO yCJIOBHE 4—FI/IH€p6OJ'lI/IqHOCTI/I HUMeEET TaKxKe BUJ
H=16F(F+ F") — 12F? < 0.

3agukcupyeM Tenepb 3HaueHHs mapamerpa [y u aprymenta ® = @

Teopema 1. Kpusas H =0 na naockocmu napamempos (A, B) agas-
emcs napaboaoti. Oco 3moii napaboivl Kacaemcs Kaycmuku-acmpouool
8 mouke, coomgemcmsyroujeti ®,. Bepuiu-
Ha amoil napaboast aexcum Ha dpoume,
COOMBEMCBYIOUEM KPUMUUECKOMY 3Ha4Ye-
nuto 0, na paccmosnuu h = 3cos(4qy) — Fy
Om MouKU KacaHus ocu napabosvl ¢ Kay-
cmukoti-acmpoudodl. mouka

Ocv napaboas nanpasiena om ee gep- Prorma
WUHbL 8 CMOPOHY MOUKU 8020 KACAHUS
¢ kKaycmukoti-acmpoudoi. llenmp kpusus-

Hol napaboavl 8 8epullHe PAcno0NHcer Om
BepULLHbL KA PACCMOSHUL, PABHOM 2/3 pac-
CMOAHUSL OM 8epuLUHbl 00 MOYKU KACAHUSL,

MaK 4mo Kpususna napabonsl 8 6epuilne 8 orp,;:;-'-li:éior:j;):i(:;lé‘;'CTb
3/2 pasa 6oavwe KpususHoL hporma 6 3moil SMTTHIHOCTH
mouxe (puc. 19).

¢hponm

SIBHast hopmysia JJIsi HAXOXKJEHHS BepLIMHBI MapaboJibl (3aaatolas Tak-
e mnapamerpusauuto O-dpoHTa KPUTHUECKOH TOUKOH () HMeeT, TakHM
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0o0pa3oM, BUJL
AN =—4 0053(2(90) +Acos(2gy), B\ =4 sin3(2q>0) + X sin(2eqy),

rie A(@o) = 3 cos(4qy) — Fo; utobbl nosyuntb C-(POHT, HALO YBEJIHUHTL 3TO
3HaueHue (@) Ha C.

JlokasaTeJsbCTBO. B Touke acTpoM/IbI-KayCTHKHU
(A = —4cos*(2¢), B=4sin’*(29)),
no3TOMY
Fa pry(90) = Fo — 4 cos* (2¢0) + 4 sin*(2¢,) + cos(4qy).

s toxpectsa ¢! —s* = (¢? — s%)(c? + %) = ¢y caenyer Gopmyna aast Kpu-
THUYECKOI'O 3HAaUe€HUusdA B TOUKE aCTpOI/I[[bI—KayCTI/IKI/I:

Fa gy (o) = Fo — 4 cos(4pg) + cos(4qy).

CualenoBaTeJsibHO, B yaJIeHHONH HA PacCTOsSIHAE A BJIOJIb KacaTeJIbHOH K acTpo-
uze Touke (A(X), B(A)) xpuTHuecKuM 3HaueHueM OyneT Fy — 3 cos(4qgg) + A.
UTo6bl 3TO KpUTHUECKOE 3HAueHHe Oblio paBHO C (T.e. uTOObI TOUKA Kaca-
TeJILHON MpuHaiexasa C-(hpoHTy), pacCTOsTHHE A CJielyeT BbiOpaTh PaBHbIM
Apo) = C — Fo+ 3 cos(4eq).

Oyukuus H Toukn (A, B) (MpH y»ke BbIOpaHHBIX 3HAYEHHH [y M KpUTHYE-
CKOH TOUKE @p) BJOJIb KacaTeJbHOH K acTpoMe-KayCTHKe JIMHelHa, NoToMY
UTO 3HauUeHHe MPOU3BOJHON [7(¢y) ocTaeTcsl paBHbIM HyJll0, cymma F 4+ F*
nocrosiuHa (cM. pasznen 9), a Fapy 0y (Po) = Fa).50(Po) + A

[TocTostnubIll coMHOXKHUTENb [+ F" ecTh (B Hallem caydae, korna F = Fy+
+ A cos(®) 4 B sin(®) + cos(2®)) npocto Fy— 3 cos(2®,). Takum o6paszom,
Mbl T10JlydaeM JJisi HOpMMPOBAHHOTO reccuana  BoJib KacaTesbHOH K acTpo-
UJle BblpaxkeHHe

H = 16(Fy — 3 ¢0s(2®,))(Fy — 3 cos(2®,) + ).

Mbi 3akaouaem, uto H =0 npu A= —Fy+ 3cos(2®y), m. e. koeda kpu-
muueckoe sHauenue Gyukyuu F (8 mouxe ®y) pasrno nyao. B Touke
KaycTuku-acTpouapl A = 0, tak uto tam f > 0 (paBeHCTBO JIMIIb B TOUKAX
Bo3BpaTa ¢poHra, rae 3cos(2®y) = Fy). OTcroga BuaHO, 4TO OCh napa6o-
Jibl (Bodib Kotopoi H > 0, nckJtouasi BepludHy napaboJibl) COAEPAKHUT TOUKY
CBOET0 KacaHUsi ¢ KayCTHKOM.

Paduyc kpususrol pporma 8 sepuiuie napaboiot pasen —A(®g), Taxk
KaK (PPOHT SIBJISETCH SBOJIbBEHTOH aCTPOM/bI-KAyCTHKH, a A — JJIMHA CBO-
6OJIHOTO KOHIIA HHUTH.
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PaccMoTpuM Tenepb 3HaueHHst PyHKIMH-TeccuaHa /1 BIOJb HOpMaJel K
y2Ke MCCJe/loOBaHHON KacaTeIbHOH K KaycTHKe MpsiMoi. [1pu 1BH:KeHUH TOUKH
(A, B) BroJib Takok HopMaJiu 3HaueHust HU F, Hi F** B Touke ®( He MEHSIIOTCS,
a 3HaueHWe [ MeHsieTcsl CO CKOPOCThIO 1, Kak Mbl jloKaszaiu B pasjese 9.
Takum o6pasoM, B 3aBUCsILLEH OT A M OT [ TOUKE

(A=Ap+hcos(®y) —usin(Py), B=By+hsin(Py) +ucos(Py))
3Hauenue /1 (npu pukcupoBaHHom aprymente ®y) Gymer UMeTb BUI
HO\ w) = 16UU +)) — 120%, e U = Fy — 3 cos(2®,).

Orciona caenyer, uto kpusas H =0— napabosa (Mckaouas Jullib caydai
U =0, koryia oHa BbIpoXKjaercst B npsiMyto). Jlyist KpUBHU3HBI 3TOH napaboJibl

B BepuvHe (rae A = —U, u = 0) Mbl nosyuaem u3 opmyJsl s H
_ 1
A= 16U

sHaueHue x = 3/2U, mosToMy paduyc Kpususuel napaboiv. 6 Gepuill-
He, pasHolii 1/%, cocmasasem 2/3 om paduyca kpususue. U ¢pporma
8 amotl mouKe, Tak uto Teopema | noka-

A, B) aaaunmuuna 8
3aHa. O A, B) %0

¢pornm (021 Fy =0)
Touku aaiunmuurnocmu, tae H > 0 (042 Fo=0)

npu ® = ®,, cocmasasiom sHymper-
HOCMb 02paHuveHHol Haulel napabo- %
401 BbLNYKAOL 0b6AaCTmUL. “I///////é/////
Mpumep. Ilpu Fy = 0 Jerko uccie- //
nosatb 0-(hpOHT, 3a7aHHbI YPABHEHHSIME  xayemura T
(py]c_ 20) napaboaia

Ha (po) =0
A=—4c0s’(299)+3 cos(4pg) cos(2¢),
B=4sin®(2y)+3 cos(4¢qq) sin(2¢y).

Puc. 20. Actpoungansubiii 0-¢ppoHT

Dta KpHBasi — M0YEMy-TO TOXKE acTpouaa (BABOe MeHbIIasi HCXOAHOH Ka-
yctukn). CoBeplleHHO TakMM ke 06pa3oM, cpeay (PPOHTOB THMOLMKJIOH/IbI
C p OCTPHSIMM MMEETCs MOUeMy-TO TaKasl »Ke TMIOLUMKIOUIa (YMeHbllIeHHast

B [% pas).

A uMeHHO, KaueHHe MeHbILeH OKPYXKHOCTH pamuyca r 6e3 CKOJIbKe-
HHS1 BHYTpH GOJIbLIOTO Kpyra paauyca R+ r MPUBOAWT K TPAEKTOPHUH TOUKH
KaTALIEHCS OKPYKHOCTH, 3aJlaHHOH KaK o6pa3 0mobpascerus INUYUKA08

IImoaemes
® s re"® + Re™'® (= —(A + Bi)).
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Takasi snuuukIMUecKasi KpuBasi OyJleT TMNOUMKAOUION ¢ p = k+ 1 Toukamu
BO3BpaTa, €CJM AJIMHA OKPY>KHOCTH GOJIbILIEro Kpyra B p pa3 0oJblie JIHHbI
MeHbLUEro, T.e. ecyu R+r = pr.

OTa rUNOLMKION/A SIBJISIETCS TAKXKe KayCTHKOH 2n-Mepuouueckoi hyHK-
LM yrJa ¢

F=Fy+Ac,+Bs,+c,, Ttine c,=cos(me))

(3HaueHHe MOCTOSIHHOTO cJlaraeMoro [, MpH 3TOM He cymiecTBeHHO). Omnpe-
JleJISTIole ceMeHCTBO F uMcsa M U 1 CBSI3aHBl C YHCJIOM TOUeK BO3Bparta p
noJiyyatouleiicst KAyCTHKH COOTHOLLIEHHEM OTCYTCTBHS CKOJIbKEHHS (CKOPOCTD

TOYKH KOHTAKTa A0JI2KHa ObITh Hy.]'IEM)Z
R_mim oy

r (m—n)

Hanpumep, uToGbl Ha KayCTHKe-THMOLMKAOUIE Obl0 4 TOUKH BO3Bpara,
yno6HO BbIOpaTh m =4, n = 2, TaK uto R/r = 3. Uro6bl TOUEK BO3Bpara
GbL10 p = 3, BhiGepeM m =3, n = 1, Tak uto R/r = 2.

Peinas onpenesnsionine kayctuky ypasienust (£ =0, F”’ =0) otHocuTesib-
Ho A u B, Mbl ToJiyunM, Kak B pasnede |,

(A = _Kcrn+n - Lcmfm B = _Ksrn+n + LSm,n),

m(m+ n)

m-—n
(72), L= , T. €. KayCTHUKa YAOBJIETBOPACT SMUUHUKJIIN-

m
rie K =
: 2n 2n?
UECKOMY YPaBHEHHIO
—(A + lB) — Kei{m+n)vp _'_Le—i(/n—ﬂ)vp’

rner=K,R=1L.

Mpumep. [1pu p =3, m =3, n =1, mbl nonyuaem k =2, K =3, L =6,
A= -3¢, —6¢o, B=—359 + 658.

Yno6HO cuMTaTh M>N U UCMOMb30BATh YIJIOBYIO KoopauHaty ®=(m—n)e.

HanpasJ/ieHne KayCTHKH OTIpee/IsieTCs HaNpaB/sIoLIUM BEKTOPOM (Cy, S,):

i(Kei(ern)rp _'_Lefi(mfn)fp) — Reierp
de ’

~ 2 9
K= —% sin(meg) € R.

B[LOJ'[b KacareJbHOH K KayCTHKe, Ha paCcCTOsSIHUHU A OT Hee, T. €. B TOUKe
A+iB = —Kelltmtne _ [ p=im=ny 4 )\[ﬂfp7

BBIMOJIHSIOTCST yeqaoBust F/(@) = 0, F'(¢) = —n?), % = 1, nostomy

46



O(DF +F")
O\
muueckoti TOuKy, rae A = A.(¢) omnpenensiercss u3 ycgaoBus Hp(p) = 0,

pasrpaHuuMBaolero sJuMnTuueckue (A > 0) TOUKH OT rUMepOOJHUECKHX
(H < 0). Bnosib Hawefi xacareastoii D-reccuan ects H = D*F(F + 1), rae
F — 3Hauenue [ B Touke KayCTHKH, Tak uto A, = —[(9).

= D — n®. Uz-3a storo BbiGepeM D = n? u HAa30BeM (-Kpu-

Onpeaeaenue. Fy-pponm xaycmuki — 310 06beAMHEHHE BCEX (-KPH-
THUYECKHUX TOUEK Ha BCEX KacaTesbHbIX K KayCTHKe (TPOBE/IeHHBIX 1PH BCeX @).

3ameuanue. Jlerko BUaETh, uto Fo-hporm 8 Kaxicdoii mouke opmoeo-
HAAeH NpOBe0eHHOl uepe3d amy MoUKy KACAmeabHOU KACAmeabHOU K
Kaycmiuke, T. €. sIBJSIETCS 9BOJbBEHTON KayCcTHKH. Ero MoxHO TakxKe ornpe-
JIGIUTh Kak MHOJcecmso mex 3nauenull napamempos (A, B), npu ko-
mopolx QyHKyus Hauweeo cemeicmsa F (c solopannoim snavenuen Fp)
umeem Hyrb OOHUM U3 CBOUX KPUMUHECKUX 3HAUCHU.

Wueivu cioBamu, ecau npu onpedeserun Gynkyuu F He sxaiouamo 8
Gopmyry nocmosinHoe caaeaemoe, mo Fo-¢hponm 6ydem mem mHoxuce-
cmsom 3HaveHull napamempos (A, B), 011 Komopeix sma yKopoueHHas
¢pynkyua F umeem nocmoannoe kpumuueckoe suauerue, C = —F.

Takum o6pasom, nousitie Fo-poHTa KayCTHKKM He 3asucum om D-cec-
cuana H, npu nomouju Komopoeo moL e2o onpedeiurt, & 3a8UCUM MONb-
KO om e8KAud0B80U eeomempuu NAOCKOCMU, codepicaujell Kaycmuky
{(A, B)}. SIBnasi dpopmyna Iyisi Touek 3TOro Fo-ppoHTa, BBULY YKA3aHHO-
ro Bblllle 3HAUYEHHUSI A, €CTb

P((P) — _Kei(errz)rp _ Le*i(mfrz)rp + ((M _ I)Cm _ F())ehw,

riue M:K+L:m2/n2. Hanpumep, /15t TMIOUMKJIOW/IBI C TPEMST OCTPHUSIMH, T11€
m=3, n=1, koapuunent M—1 pasen 8. Hanpasnenue dpponra B Touxe P(¢p)
OPTOTOHAJIbHO HAMPABJSIIOLIEMY BEKTOPY KacaTeJbHOH K KayCTHKe e,

V3 nanucaunoit opmyJibl 1iist P(¢) cyeyert, myTeM NpsiMbIX BbIYHCJIECHUT,
uTo hporm eunoyuxioudet, coomsememsyrouuii Fo= "0, can asasemes
makot e 2unoyuKAoUdol ¢ p OCMpUAMU, KAK U KAYcmuKa, ymero-
wennoii 6 m/n = p/(p—2) pas (sasoe npu p = 4, BTpoe Npu p = 3) U
MoBepHyTOl Ha yroa 1t/ p.

[Tpeanosoxkum, 4to m W 1 HeueTHbl (Kak, HanpuMmep, JJisi THIOLHKJIOH bl
¢ 3 octpusimu). Torna ¢ppormol, coomsememsyowue Fy u —Fy, pasau-
waoncs moavko napamempuaayueti: Pr (¢ +1) = P_r(¢); npuuen dse
mouku ¢pouma, asedxcaujue Ha 00HOU W mot xie (0pMOOHANHOU K
Gppormy 8 IMUX MOUKAX) KACAMEAbHOL K KAYCMUKe, COOMBemcmsyom
NPOMUBONOAONHCHOIM (OMAUHAIOUWUMCS HA TT) MOUKAM © U PACIOAONCEHbL

47



HQ KACAmMebHOU CUMMEMPUYHO OMHOCUMENbHO MOUKL, NPUHAOACH Q-
weii hpoumy-eunoyuraoude, ede Fy=0.

JIMHBl ¥ KPUBH3HBI KayCTHK W (DPOHTOB JIETKO BBIUMCJAIOTCS (CM. pas-
Jensl 11, 12).

BepHemcsi K poHTaM 06bIuHOH acTpoubl (p = 4). Torosoruueckuit Tvm
0-cpoHTa acTpousbl MeHsieTCsl TIPU U3MEHeHHH napametpa [y, Korja napa-
MeTp MPOXOAUT uepe3 ocoOble 3HaueHus Fyp==1u £3. Ecau 3adukcupoBath
3HaueHHe 3TOro napamerpa, MoJoxuB, Hanpumep, fp =0, To Te ke camble
M3MeHeHHs1 OyyT NPOUCXOAUTb ¢ C-(PPOHTOM NPHU H3MEHEHUH KPUTHUECKOTO
snauenusi C (puc. 21).

Keadpamuuroe
Kacanue
eradkux semeseltl

D6 ¥ ¢

ocobennocmo 2/3

ocoberrocmo 3/4

Fop< =3 Fo=-3 —3<Fy<—1 Fo=-—1 —1>F<0
Ksaodpamuuroe
KacaHue mparcsepcatbHoe

enadKkux semasell nepeceverue

0<Fy<1 Fo=1 I<Fy<3 Fo=3 Fo>3
Puc. 21. [lepecTposiku ¢ppoHTOB acTpomnasi

A umenno, nia Fy =0 npu C = £1 Ha (poHTe HMeeTcs camoKacaHue
(B Hauase koopauHar), a npu C = +3 (GPOHT NMPOXOJUT uepe3 JIBe MPOTH-
BOMOJIO’KHbIE U3 UETbIPEX TOUEK BO3BpATa KAyCTHKH M MMeEET B 3THX TOUKAX
ocoGenHocTb THna 3/4, (mddeomopduyio ocobenHocTH KpuBoii x° = y*).

[Tpu |C| > 3 dpouT raaakui, a npu |C| < 3 oH UMeeT 4 TOUYKH BO3Bpa-
Ta MOJYKyOUUECKOTo THMA, JiexKallde Ha KaycThke. OpOHTBI, I KOTOPBIX
| <|C| <3, uMeloT 10 JIBe TOUKH cCaMorepeceyeHtst, i KaX/blil H3 HUX orpa-
HUuKMBaeT Ha nockocTH {(A, B)} Tpu 06JaCTH ¢ KOMIAKTHBIM 3aMblKaHHEM:
JIBa KPUBOJIMHEHHBIX TPEYroJbHUKA, Ha TPAHULIAX KAXKOT0 U3 KOTOPLIX JIEXKAT
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no JIBe TOUKM BO3BpaTa (PpOHTA M MO OJIHOH TOUKE €ro camoriepeceueHus, u
JIMH3006pa3Hyl0 06JIacTh MeXKJly TOUKAMH caMollepeceueHH s, JeXKalliMi Ha
ofiHO# U3 ocell koopauHat (A wmu B — B 3aBUCHMOCTH OT 3Haka C).

Wubivu cioBamu, C-¢hpoHTHI NlepecTpanBaloTCsl MPH U3MEHEHHH Tapame-
Tpa C TakK ke, KaK MepecTpauBaloTCs SKBUUCTAHTBI SJIUIICA TIPU UBMEHEHHH
paccrostHust ot Hero. Kaycrtnka sssmnca ad@iHHO SKBHBa/NEHTHa acTPOHUJIE,
HO HUKOT/Ia He H30METPHUHA €l B CMbIC/IE €BKJUIOBOH reOMETPHH.

Kaxnast Touka ppoHTa ornpejessieT napaboJy, Kacarollylocsl ero B 3TOH
TOuKe (C BEpIIMHOH B 3TOH TOUKE M C PaadyCOM KPHBH3HBI, COCTaBJSIIO-
M 2/3 paauyca KpUBM3HBI (POHTa B 3T0i Touke). D10 — napatona H =0
TeopeMbl 1 (cp. puc. 19).

Onpepeaenne. Iaaunmuueckas obracmo Er, , na niockocru {(4, B)}
OTpesie/IieTCsl Kak 3aMKHyTasi 00J1acTb, OrpaHUUYeHHasi TakoW mnapaboJion
(puc. 22):

EFO”PO = {(A7 B) € ]RQ . HA,B;FO((PO) > O}

acmpouda
7 saaunmuueckas 06aacmy
4 Eryag
_
mouka ¢gpornma, ///
coomeemcnqibényromaﬂ o /
7%

¢dpoum Fy
napaboaa H(gpg) =0

Puc. 22. 2nanuntnyeckas obnacte

OO6beanHeHne BCeX TAKUX «BHYTPeHHOCTell mapabo/i» ¢ pasjHuHBIMH @
obpagyet Fo-aaaunmuueckyo obaiacmeo:

Er,={(A,B)€R*: 3, €S": Hypr,(90) >0}

Jonosuresnbhble eunepboauteckue obaacmu ONpeaessioTcs: Kak mnepe-
ceueHUs JIOMOJHEHHH K JUIMITHUECKUM 06J1acTsM

Q= [ (R = Ep,p) =R = Ep,.

0
p€S!
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Mpumep. Ilpu mobom Fy ¢ |Fy| > 3 Fo-eunepboauneckasn obaacmo Qp,
nycma, Tak Kak yxe roJyKacaTesbHble K acTpoMie, SIBJSIOLIMECsS OCSIMH
HalllMX JJIMITHUECKHX MapaboJ, MOKPbIBalT BClo miockocTh. Touky (A, B)
MOKPBIBaeT OCb MapaboJibl, BeplliMHa KOTopoil — camasi najiekast ot (A, B)
TOuKa (ppoHTa.

Teopema 2. /{15 kaocdoeo Fy ¢ |Fo| < 1 eunepbomueckas obaacmo Qp,
oepaHuuena coomsemcmsyruwum Hecamonepecekarouwumcs 0-gpon-
mom, umerowum Ha acmpoude-kaycmuke 4 mouku sozspama (puc. 23).

s kancdoeo Fy c 1 <|Fy| <3 obaacmo

SAAUNIMIULHUCCKAS Fo-eunepboauunocmu Qy, cocmoum u3
obaacmo

BHYMpernocmel 08Yx KpUBOAUHEHbLX
MPeyeobHUKO8, 02PAHUHEHHbLX CAMO-
nepecexaroujumca dsascdol O-gppormon,
umeiowum Ha acmpoude-kaycmuke 4
mouku 803spama.

Caencrue 1. [loanasa obaacme eu-
nepboauuHOCMIL

kayemuxa o Erowo QO ={(A, B;Fo): Hypr, () <0V}

Puc. 23. 8 MpexmepHoMm NPOCMPAHCITBE CBA3HA
Tpeyroneruku runepeOMMIHOCTY (o cre00B8amMeAbHO, U NAMUMEPHOE
MHO2006pasue scex 4-eunepboauneckux MHO204ACHO8 cmenenu 4).

Caencrue 2. Hndekcol scex 4-eunepboauteckux MHO204ACHOB Cime-
nenu 4 odunaxosel (He 3asuciam om K03Ig@uyuenmos mHocouieHa) u
pasHol

ind(M+iN)=—-4, ind(a—c+2ib)=-2,
ind(y) =—2, ind(kpecty) =—1.

Caencrteue 3. /aa kancdoid mouku (A, B) snympu «6ybro8020 my-
3a» A, 0eparutieHHo2o acmpoudoi-KaycmiKoi, cyujecmcmayem wiucio
Fo, onpedeasioujee 4-eunepboauteckuii mpueoHomempuiecKuti MHoeo-
YNeH

F = Fy+ Acos(2¢) + B sin(2¢) + cos(4p),

U 9 =A

—3<Fy<3

maxk 4mo

CaencrBue 4. /lrs kascdol mouku (A, B) sHe «OybHOB020 mysas,
0epaAHUYUeHH020 ACmPOUdOl-Kaycmukol u 041 Kandoeo 3Hauenus F
cyuecmayem makas mouka Qo Ha okpyscrocmu, wmo mouxa (A, B)
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He eunepboaLuecKas 6 o
HA,B,FO((PO) >0,
MmaK 4mo mpueoHOMempU1ecKui. MHO20YAeH
F = Fy+ Acos(2¢) + B sin(2¢) + cos(4¢)
He asasemcs 4-eunepooautecKum.

CaencrBue 5. Cywecmsyom «napadokcaroHoles 00HOPOOHbLE MHO-
20YAeHbL Yemsepmotl cmenenu, 048 KOMopbLx 8blNOAHEHO YCA08Ue No-
umu 4-eunepboauurocmu (H <0 sesde), Ho 8 okpecmHocmu KOmMopoLx
Hem Hacmosauwux 4-eunepboiuyeckux MHOCOUYACHOB.

Mpumep. Muorouien f(x, y) = x*—y*. Insa nero ind(y) =0, a anis1 io6oro
4-runepGosnueckoro MHorouseHa ind(y) = —2.

JlokazaTesbcTBA MPUBEJEHHBIX PE3YJILTATOB JUIMHHBI, © HEKOTOPbIE U3 CO-
0011[aeMbIX HHKeE JIEMM JI0Ka3aHbl JIHIIb ¢ MOMOLIbIO KOMIBIOTEPHOI anredpbl
(st 6imaronapen ®. Aukapy 3a 3T BLIUMCJIEHHS], IPOBEPUTH KOTOPBIE 51 He Cy-
meun).

HauHeM ¢ OTHOCHUTENILHO TIPOCTOrO (HO y»Ke COBEPILIEHHO He OUEBHIHOTO)
cJyuast, Korjia yaaeTcsi MPOBECTH OE3KOMIBIOTEPHOE JI0KA3aTeIbCTBO.

Onpepnenenue. [uaconaramu HazoBeM npsmble A =B u A = —B (Ham
OyyT HYKHbI JIMLIL HX YaCTH BHE TpesiesioB acTpoussl, |A| = |B| > v/2).

Jlemma 1. Juaeonaiu ssasromes oeubaroujumu napabos, oepaui-
yusaowux araunmudeckiie 06Aacmu, COOMBemMcmayowiLe 8Ce803MONHC-
HbLM o, npu Fo=0: napaboa

Py, ={(A, B) € R*: H 0(p) = 0}.

3ameuanue. Cam O-dppoHT ToXKe siBJIsIETCSs], KOHEUHO, Orubaroliel 3Thx
napa6odJ.

HokazateabcTBo aeMMbL [Ipu FF = Acy + Bsy + ¢y (co = cos(2¢)
U T.J1.) Mbl MOJIydaem

F' = —2Asy+2Bcy —4s, ('=d/do),
F" = —4Acy —4Bss — 16¢,, 4F+F' = —12¢,,
103TOMY HOPMHPOBAHHbIH TeccHan UMeeT BUJL
Hy po = 4(Acy + Bsy + ;) (—12¢4) — 12(Asy — Beo + 2s4)? =
= —12[4 +4Ac, — 4Bsy + A*s} + B3 — 2ABsycs).

UroObl HaWTH TOUuKy mapabosbl 4 po(@o) = 0, Jexallylo HAa AHAaroHasun
A = B, Mbl JI0/DKHBI PellUTh KBajpaTHOe OTHOCHTENbHO A = B ypaBHeHHe
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H =0. 910 ypaBHEeHHEe HMeET BHUJL
A%(1 —s54) +4A(co —55) +4=0.
JIMCKPUMHHAHTOM €ro 0Ka3blBaeTcsi (yHKLHS OT (@,
4(cy — 59)" —4(1 —s5y),

KOTOpasl TOXKAECTBEHHO paBHa HyJlo. [Tostomy aobasa us napaboa P, ka-
caemcs duaconaau A= B (nast nnaronanu A = — B BbIKJIAIKK aHAJOTHYHDI),
UTO JIOKAa3bIBaeT jeMmy 1. O

Onpeneaenune. X-moukamu (0-¢hporma, COOTBETCTBYIOILIErO 3HAue-
o o (|Fo] < 3), napamerpa H, CJjel0OBaTe/bHO, HMEKOLIEro 4 TOUKH
BO3Bparta Y,, JiexKalllie Ha acTpOMJie-KayCTHKe) HasblBaloTcs 4 ToukM X;
nepeceyeHHs KacaTesbHbIX K KayCTHKe, MPOBEIEHHbIX B YIIOMSIHYTbIX YeThI-
pex Toukax Y, Bo3Bpara ¢ponra (puc. 24).

Jlemma 2. Kaocdas uz mouex X; aexvcum 8HYympu 6CAKOU 39AAUN-
muueckotl obaacmu, oeparudeHHol napaboaoi, coomsemcmayouell
sepwiune, aexcaujel Ha Hponme
8 npuaesxcaweti Kk mouxke X; dyee
MeHc oy moukanu 8038pama.

Hy..ro (o) = 0.

JlokazaTeabcTBO. XOTS 3TO
Jl0KazaHo JJisi Jioboro Fy, orpaHu-
YUMCsi, JUISi COKpallleHHsl BbluMCJIe-
Huil, cayuaem Fo=0u X; = (0, 2\/5),
TaK uto 1/4 < 20, < 3n/4, 55> V/2/2.

B 3THX MpeanoioxKeHusix npsiMble
BBIUMCJIEHHST MOKA3bIBAIOT, YTO HOP-
MHPOBaHHBII TeCCHaH B HHTEpeCYIolel Hac X-Touke ecTb

H =48(8sy — 2¢5 — 1).

Puc. 24. 4 X-Toukn acTpousasi

3aMeTuM, uTo
85y — 2¢2 — 1 = 252 4+ 85, — 3> 2(V2/2)* +8(V2/2) =3 =4v2-2>0,

TaK UTO Hallla TOYKa X; JIXKHT B SJIUNTHYECKOH 06J1aCTH.

[Ipu apyrux 3HaueHusix [y MPOBEAEHHOE HHKE J0Ka3aTeJbCTBO MO TOH Ke
CXeMe TIPUBOJMT K 6oJiee IJIMHHBIM BBIYHCJIEHHSIM, HO 1O CYIIECTBY TaK 2Ke
POoCTO.

Mb1 Gynem usydath moBeseHue reccuana f Ha ocu B, B Toi Touke X|
repeceueHust KacaTeJibHbIX K KayCTHKe B TOUKaX Bo3Bpara (ppoHTa, KoTopas
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umeet KoopauHathl (A =0, B = B; > 0). CootBercTByI0O111asi TOUKe X; (PyHK-
LIMs1 Hallero CTaHAapTHOro cemeficTa ectb F = Fy + B sin(2¢) 4 cos(4¢), u
MBI IIpejroJaraem, uro |Fo| < 3.

Hopmuposanubiit reccuan umeet Bui (npu D =4), no (%) pasaen 3,

H=4F(4F + F") — 3F".

Mbl nokaxxewm, uto ¢yuxyua H noroxcumesvna Ha ceemerme oKpyIcHO-
cmu {@mod2n}, npusecaroujem k mouke X, (m.e. cocmosuen us mex
§, KOMopbie COOMBEMCMBYION MOUKAM ACMPOUDbI-KAYCMUKU, PACHO-
AOJHCCHHOIM Mexnc Oy memu 08YMs MouKamMu 8038pama (poHma, 8 Ko-
mopoix B > 0).

(s vccsenoBaHusl APYrHX 4acTell OKPYXKHOCTH HYXKHO MCIOJb30BaTh
Jpyrue Touku X;.)

Jnsi nokasaresibCTBa MOJOXKUTENBHOCTH 3HaueHnst [ o6o3naunm ¢ = 2.
[Tyctb ¢ v @, = 2<p* — KOOPJMHATHI GJiKakiliell TOUKH Bo3Bpara fo-poHra
(A, = —4cos*(®,), B. = 4sin’(®.)). Mbl ucc/eyeM TOUKy JAyTH KayCTHKH
mexkay (A., B.) n (—A., B.), COOTBETCTBYIOLLYI0 KOOpAHHATAM ¢ U @ = 2¢.
Boiuncsium koopaunatel (0, By) Touku X| B TepMuHax yria ¢, v BbUHCIUM
(DYHKLIMIO — HOPMHPOBAHHBIH reccual F, COOTBETCTBYIOLLYIO 3HAUEHUSIM Ma-
pamerpoB A =0, B = By, F, Haulero cemeiicTBa F.

YpaBHeHMe TOUKH BO3BpaTa (ppoHTa (NpH 3HaUEHHH NapameTpa Fj) UMeeT,
no o6uel Hauleil Teopuu, BUL 3c; = [y (rae ¢ = cos(4¢.)), TaK uTo Touka
BO3Bpata — 310 Touka (A = —4c¢3®, B = 4s3%).

Hanpassenue Kacate/bHOH K KaycTHKe B TOUKe BO3BpaTa (poHTa cojep-
JKUT BEKTOP (A* = ¢35, B. = S3), TIO3TOMY BJIOJIb KacaTeJbHOH K KayCTHKe
JIEXKAT TOUKH

(AQ\) = —4c3® +xe;,  BO) =455 +hs3).
Yro6el onacts Ha ocb A =0, npuxoautcst BbIGpaTh A= 4¢3%. Takium 06pazom,
Mbl BBIUMCJIUJIN OpiHATy Toukd X, By = 4s3° +4s5¢5% = 4s5.

3ameuanue. B cayuae £y =0 mbl nosyuaem &, =m/4, Sy = V2/2, M03TOMY
B, = 2V/2, Kak u J0/KHO OBbITh ISl IHATOHAJH KBajJjpata CO CTOPOHOH 2
(c BepuinHamu B 0, B X; U B JIByX CPEJHHHBIX TOUKAX OTPE3KOB KayCTHKH-
aCTPOUJIbI).

[Toncraeass (A =0, B = qo6oe 3HaueHue B;) B onpesessioliee HOPMU-
POBaHHBIN reccyaH ypaBHEHHE, Mbl HAXOJHUM €ro 3HaueHue

H=4F@4F+F") = 3F"* =
= 16(F0+Blsg +C4)(F0 — 364) — IQ(BICQ —284)2 = O(-'-BB[ +YB?,
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rjie KO3 PUIHEHTbl PaBHbI
o= 16(Fy — 3c4) (Fo + ¢4) — 4857 = 16F2 — 32Fyc, — 48,
B=16(Fy — 3c4)S2 + 48s4co = 16F755 + 48s,,
Y= —12c5.
[Tpumenum sti popmyansl B cayuae Toukn X, = (0, B)), rne B; =4s;5, [y =

= 3c; = 6¢32 — 3. MBI T0JIyurM TOTJIA BBIPAXKEHHsT HAIIMX KOIP(HIHEHTOR
yepe3 B:

S*—& C*—16_B? 3_3_82
2T 40 T 8
2 934 2
o= —3682 + 251 | 1982, + 96(1 — cy),
6= (96— 631)52,
y=—12¢.

H09TOMy BbIpaxKeHue JJis1 HOpMHUPOBAHHOTO reccruaHa H B Touke Xl MPpUHHU-
MaeT BU]L
9134
H =96B,sy — (36 + 12s3) B} — 65,87 + —L + 96(1 — ¢,).

Mb1 noacTaBuM ciofia y2ke HaliieHHOe 3HaueHue B, :452 1 MCMOJIb3yeM (UMe-
I01lle B 3TOM JI0Ka3aTe/IbCTBE pelliaiolilee 3HaueHHe) cokpalleHHble 0603Ha-
yeHust

X=8;, Y=S8y, Y—x=2.

Torna ykazanHoe Bhbillle BbIpaKeHHe /15T HOpPMHPOBAHHOTO recCcHana B TOU-
Ke X| MpUMeT BHJ

H=192(2xy — x*y* — 3x* = 2x°y + 3x" + °) =
=192(2% — X*2° + 4xz — 4x°2) = 1922(1 — x%) (4x + 2).

Tenepb y»Ke HETPYHO BLIYMCJIMTL 3HAK reccuana H. B nawem cayuae x* < 1,
TaK Kak x = sin(2¢,), 4to cmpoeo MeHblie 1 1o Moay./o (Tak Kak |Fy| <
< 3 ¥ MoTOMy paccMmaTpuBaeMblii (PPOHT He MPOXOJUT uepe3 ocoOble TOUKH
actpoubli-kaycetuku, rae A =0, |Fo| =3

Mbl paccmatpuBaem cayuait 2 > 0, Tak Kak gy > x JI/1s TOUeK NPUMbIKAIoLIeH
K Touke X, uacTi KaycTuky (e B> B, >0, #>d,, 0<d<1/2, 0< P, <
<n/2). Utak, 2>0, 1 >x*, 4x4+2>4x>0, Tak uto H >0, uto U 10Ka3bIBAET
JemMmy 2. O

3ameuanue. V3venenue 3Haka H mMexay 2 =0 u z = —4x (T.e. MeXIy
Y=XUYy=—23x) 0CTAETCS CTOJIb K€ HEMOHATHBIM, KaK 1 MOJIOKHUTENbHOCTD H
npu y < —3x < 0.
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JlokaszaB JieMMy 2, Mbl MOXKEM 3aKOHUHTb MOCTPOeHHe obJiacTel runep6o-
JIMUHOCTH W SJJUNTHUHOCTH (st fp = 0 Halle 10Kas3atesbcTBO OYAET MoJ-
HbIM, TaK Kak JieMMa 2 JI0KasaHa, a Npu APYyrHX 3HAueHUsX [y, MeHbIIMX 3
110 MOJ1yJII0, Mbl HCII0JIb3yeM aHaJorHuHyto Jemme | undopmaumio o6 oruba-
01X MapaboJi, MoJyYeHHYIO JIMIIb TPU TOMOUIM KOMIMbIOTEPHOH anreOphi).

O6nacTb, orpaHHueHHas napaboJiol, Beinykaa. OHa COJEPIKHT, BMeCTe
¢ TOuko# X;, MpUHaAJeXKalllel el Mo JeMMe 2, U CO CBOEH TOUKOH Ha Oru-
Gatolleli mapa6oJ, npuHamiexauled eil no Jemme | (WM 1Mo ee aHajory
st Fy # 0), Becb OTPE30K MNPSIMOK, COENMHSIIOWMHA 3TH 1Be TOUukH. Takue
OTPE3KH, BMECTe C 3JIJUNTHYECKHMH T[OJIOBUHAMH TMPSIMBIX, KacarolHXcs
KayCTHYeCKOH acTpPOHJIbl, TOKPHIBAIOT BCE JOMOJHEHHE K OrpaHHuYeHHOMY
acTpouaoii-hpoHTOM GYOHOBOMY Ty3y, KOTODBIH TaKMM 0Opa3oM M OKa3bl-
BAETCsl COOTBETCTBYIOLLEH 3HaueHuto napamerpa Fy =0 obsacTbio runep6o-
JuyHocTH (puc. 25).

rpumuuecxas (T > (T >1cpumuuec1caﬂ
ouazonaasb racameavHasi 1 racameavHasi duazonans

rpumuuecxkas Kpumuuecxas
racameavHaa racameavHas
(T7) ) - (Ty)
) o
IR
(Ty) ) - (T3)
rpumuuecxkas Kpumuuecxas

racameavHas racameavHas

duazonans Kpumuuecxas (T > (T )Kpumu%ecxaﬂ Juazonans
racameavHas 0 6) xacameavnasn

Puc. 25. 3ameTanune snanntnqeckon o61acTu OTpe3kamm

[Tpu |Fo| > 3 paccyx/eHue elle npolle: eunepooiutecKux movex Hem,
mak Kak camas dasekas om mouku (A, B) mouka ¢pponma ssasemes
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gepuluHol napaboavl, codepacaujeti mouxy (A, B) 8 oepanuuernHol eeo
obaacmu arwunmuyrocmu. Ilpu |Fy| =3 u ¢poHT, u Bce ero mapa6oJibl
NPOXOJISAT Uepes JIBe MPOTHBOMOJIOXKHbIE TOUKH BO3BpaTa acTPOUJIBI.

B ciayuae |Fy| < 3 nokazatesbeTBO CJ0KHEE, HO TIPOXOJUT 110 TOH 2Ke cXe-
Me, uTO TIpoBe/ieHHoe Bbiliie Mpu [y = 0. TpyaHee Bcero 1oKa3biBaeTcsi aHa 0T
JeMMbl 1: orubatoine napa6os npu Fy # 0 y2ke He npsiMble, HO OHU €ellle CO-
eJIMHSIOT TOUKH BO3BpaTta (PpoHTa ¢ 6ECKOHEUHOCThIO, Ky/la OHH YXOJIAT MO Ha-
NpaBJIeHUsIM KacaTeJIbHbIX K KayCTHKe B TOUKAX BO3Bparta (poHTa (corjaacHo
@. Auxapan). OTpesKH, COeUHSIIOIIME TOUKH OTHOAIOLIMX C MPHIEXKAIUMH
BeplUMHAMH X;, 3aMeTaloT, BMeCTe C 3JUIMNTHUECKUMH 4acTsIMH KacaTellb-
HbIX K KayCTHKe, J0TMOJIHEHHE K orpaHHueHHOH 0-(pOHTOM UeThipexyroJibHOM
obJsiactd npu |Fy| < | niM K AByM TpeyrosibHbIM o6jactsim npu 1 < |Fo| < 3.
st sTux orubaroumx cemericta napa6os H = 0 MOKHO Hamucath SIBHble
anre6paunueckue ypaBHenusi (H =0, H' = 0), u3 KoTopbIX MOXKHO 3aTeM Hak-
TH, CKaxeM, B Kak (QyHKUHIO OT ¢ U oT A. DJjieMeHTapHOE HCC/IeI0BAHHE STHX
(YHKLMH U UX aCHMITOTHK MPUBOJUT K C(OPMYJTHUPOBAHHOMY BHILlIE€ OTBETY O
BHJIe rHnepOonuecKux obacTeil, HO MOAPOOGHOE 10KA3aTENbCTBO He yMella-
eTcs B paMKH HacTosilel padotbl. @. Aukapau nokasasa, uto TOUKH KacaHHs
¢ orubatonMmMu napabosi, Kacaroumxcst GpoHTOB Ha OCSIX KOOPJMHAT, 3aMe-
TaloT 4 0Tpe3Ka MPsIMbIX COEJUHSIIONIE TOUKH BO3BPATA ACTPOU IbI-KAyCTHKH.

3ameuanue 1. MoxKHO MpeanoJarathb, uto 4UCAO KOMNOHEHM C8A3HO-
cmu npocmpancmea D-eunepboauueckux mroeouieHos cmenenu D pa-
cmem ¢ pocmom D (MMeHHO Kak JuHelHast (yHKUusi ot D), HO 3TO He
JI0Ka3aHo.

Hucaro komnonenm ceasHocmu npocmpancmsa 2aadkux D-eunep-
boauneckux Gyuxyuu 6eckoHeuHo, Kak Mbl 10Ka3aJd Bbllle, NPEIbsIBUB
(yHKUMH ¢ 6eCKOHEUHbIM KOJIMUECTBOM PasHbIX 3HAUEHWH HHAEKCOB (orpa-
HHUEHHBIX [ MHOTOU/IEHOB (DMKCHPOBAHHON CTEIEeHH).

3ameuanue 2. Bes onucanHasi Bbille Teopusi HampauMBaercsl Ha 0600-
lieHus. BMecTo npuBeeHHOro HUKe crelrasbHoro ceMeicTna (3) TpUroHo-
METPHUECKUX MHOTOUJIEHOB M 0OJIACTH UX THIEPOOJUUHOCTH JI/IS

F = Fy+ Acos(2¢) + Bsin(2¢) + cos(4¢) (3)

MOKHO OblJ10 Obl paccMaTpUBaTh CeMelcTBa 0611ero NoJI0KeHUs Nepruoiye-
ckux (pyHKUMH F, 3aBUCSIIIMX ellle OT k rnapameTpos, u obsiactu D-runep6o-
JIMYHOCTH B MPOCTPAHCTBAX UX MapaMeTpoB. ByiyT sim 0co6€HHOCTH TPaHHILLbI
o6JacTH runepGONMUHOCTH B CJyuae ABYX W TPeX MapamMeTpoB TAKUMH IKe,
Kak JIJ1s1 ceMelcTBa (3) W ero moJceMeiCcTB ¢ MOCTOSTHHBIM CBOGOJHBIM uJie-
HoM? Bo uTO npeBpaTATCS «TOMOJNOrHUECKHEe» CBOHCTBA KAyCTHK H (DPOHTOB
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Npy 3aMeHe CreluaJbHbIX (MOX0XKHUX Ha (3)) KOMOMHALMH ¢ yyacTHeM CH-
Hyca, y, U KOCHHYCca, X, (MoJyyaloniuXxcst Npu NPOeKTHPOBAHUH OKPYXKHOCTH
x?+y? = 1) na apyrue cneupajbHble ceMeHcTBa (CBs3aHHble, HAPUMEp, C
OTJIMUHBIMH OT OKPYXKHOCTH asire6pandeckumu KpusbiMu Z(x, y) =0 u ¢ 3a-
MEHSIIOUIMMHU CUHYC M KOCHHYC (PYHKIMSAMH X W § HA HUX)?

B nauiem mpocreiiiiiem cjydyae (TPUrOHOMETPHYECKHX MHOTOUJIEHOB g Ha
OKPY>KHOCTH) KaK KayCTHKH, TaK ¥ PPOHTHI OKA3bIBAIOTCS a1eebpauieckumu
KpUBbLMU, KOMOpble 0aice PAUuuOHAAbHbL, UL, UHbLMU CAOBAMU, YHU-
Kypcaarorol (umerom cgepuueckyro pumanosy nosepxrocmo u pod 0)
BCJIE[ICTBHE PALIHOHAJIBHOCTH OKPY?KHOCTH.

OBOJIbBEHTbI OKPY>KHOCTH, B OTJIHUHE OT 3BOJILBEHT aCTPOM/IbI, — TPAHC-
LeH/IeHTHbIe KpuBbie. HO OKpPY»KHOCTb ¥ He MOXKET ObITh KayCTHKOMH: y Hee
HET ToueK BO3Bpara. Bbijo Gbl HHTEPECHO TOCMOTPETL, BO UTO TPEBPATHTCS
palMoHabHOCTh KaYCTHKH H (poHTOB (a Takke Teopema Lltypma—IypBu-
11a) MpH 3aMeHe HCXOJHOH OKPYXKHOCTH, (DYHKLHMSIMH Ha KOTOPOH SIBJISIIOTCS
(sineg, cos @) 1 BooOlLlEe TPUTOHOMETPHUECKHE MHOFOUIEHBI OT ¢, Ha JAPYryio
ajireGpanyeckyio KpUBYyIo (XOTst Obl 3JUTMIITHUECKYIO).

3ameuanue 3. EBK/IMI0BA TeOpPHsT KAyCTHK JOMycKaeT cjejyloliee 0606-
LICHHE.

Paccmorpum kpuyto I, 3anannyto ypasHenuem f(x, y) =0. drta kpupasi I’
OyleT Urpatb poJib, KOTOPYIO B €BKJHAOBOH TEOPUH Hrpajia OKPY»KHOCTb.
[Tyctsb g: R?2 — R — dynkuus na niockoctd. PacemMoTpum cemeieTBo dyHK-
i

GA,B :g+Ax+By I'=R

(B 0603HaUEHHUSIX HE yKA3aHO Nojapa3dyMeBaeMoe orpaHnuente ¢pyHkuui Ha I
Hanpumep, g U g|r 0603HaualOTCsl OAMHAKOBBLIM CHMBOJIOM g). KaycTika —
9TO KPUBas Ha MJIOCKOCTH MapaMeTpoB, Takas uto as (A, B) Ha 3Toi KpUBOH
¢dyHkuys G4 p uMeeT Ha I' BHIPOXK/IEHHYIO KPUTHUECKYIO TOUKY.

Bynem o603Hauath 3HakoM V raMUJILTOHOBO MoJie ¢ GyHKUMeH [amuabTo-
Ha f, tak uro V = f,0, — f.d,. D10 nose kacaercs kpusoil I'. Onepatop V
OyleT MPUMEHATLCSA K 3aJaHHbIM Ha [ (yHKUMAM M Urpath poJib TMPOM3-
BoAHOI /0 npeabiyleli Teopuu (cooTBeTCTBYIOLIEH OKpyKkHocTH T, rye
[ = (x*+y* = 1)/2; x urpaer poJb cos @, y — poJib sin ).

JIerko BbIUHCJ/IAIOTCS NMOCJE0BATE/NbHbIE TPOU3BOHBIE

Vx=J, Vy=—f, Vg=[g -8 (4)
Vix = /ty/tx,y - fxfy,y7 VQ.Z/ = _fyfx,x + /cx/tx,y- ()
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M3 ypaBHeHUI KayCTHKU
A(Vx)+B(Vy)+Vg=0, A(Vx)+B(V?y) +Vg=0,

HaxXoaHuM siIBHbI€ (I)OPMyJ'IbI KOOp/IMHAT €€ TOYEK:

_ (V’a(Vy) - (Vo) (V)

(V) (V) = (V) (Vi) (6)
s Vg )(VX)—(Vg)(VQX).

(V220)(Vy) = (V) (V?y)

Ecsu xpuBas I' anre6panueckasi, a g — MHOTOUJIEH, TO KayCTHKA — aJjre6pa-
vueckast KpUBast Takoro ke pona, kax I'.

Brruncssisi npoussoausle apobett (6), Mbl mosyuaeM BAoJib I' (¢ moMolibio
ypaBHenuil (4) u (5)) popmyJbl, onpenessiioliiie HAMPaBJeHHe KayCTHKHU:

VA=A82f, VB=A"], (7)

rJie poJib «paauyca KpUuBU3HBI» UrPAIOT OMNPEACTUTEN <<BaHII€pMOHIIa>>

Vg Vix Vy 2 2
A= Vg Vix V%, :‘VV;‘ Vvy
Vg Vi Vy y

B uactHocTH, Hanpasierue Kaycmukiu 3a0aemcs 8eKMOpPOM <HOD-
maaw» k kpusod I' (f., [,) = (—Vy, Vx), a ocobole mouku xkaycmuxu
sadaomcea ypasreruem A =0 mouex ynaowerus 1POCMPAHCMBEHHOL
Kpusoii ¢ npoexyuei I’

{(x,y,8(x, ), e [(x,y) =0}

Ecusin nnockas kpuast I' Bbinyksia, To 3Ta NpocTpaHCTBEHHAS KpUBAsi HMe-
€T He MeHee YeTbIpex TOouek yIJolleHus. BeposiTHO, MOXKHO HCCJel0BaTh
CBOKCTBA KayCTHK Ha OCHOBaHWHM (hopMyJbl (7) TakkKe M B CJyuae HEBbI-
NyKJbIX, HO a4eebpaudeckux Kpubix I' GUKCHPOBAHHOTO pojia U MHOTOUJe-
HoB g. OnHako 3To o6o6iieHue Teopembl [1ITypma—IypBuila HeTpuBUaIBLHO
yKe Il MHOTOUJIEHOB g HAa PalMOHAJbHBIX KPUBBIX (BPOJ€E BbIPOXKAEHHOH
sMnTHYeCKO# KpuBoi I': y? = x2 + x%).

3ameuanue 4. Ypapuenue [ecce H =0 (u HepaBeHctBO H{ < 0, OCHOB-
HOE JJIst TEOPHH TUMEPOONHUECKUX MHOTOUJIEHOB) MOXKHO ObIJIO Obl 3aMEHHTh
JIPYrO# THIIEPTIOBEPXHOCTHIO B MPOCTPAHCTBE 2-CTPYH (DYHKIHH HA OKPYKHO-
cTH. BbiJIo Gbl HHTEPECHO MOHSITh, BO UTO MPEBPATHJIMCH Obl HALM KAYCTHKH,
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UX KacartesbHble MpsiMble, GPOHTDI, MapaboJ/bl U UX OTHOAIOlIMe MPH TAKOM
00600111eHHH, TPeOYIOLLEM TaKKe MOCTPOSHHUST CUMITJIEKTHUECKOH U KOHTaKTHOH
reOMeTpPHH 3THX 00beKTOB, BKJIOUaollel, BEPOSITHO, HCCJeloBaHHe CTPYK-
Typ MHOT00Opa3nil KOHTAKTHBIX 3JIEMEHTOB Ha KOHTAKTHBIX MHOr000pasusix
¥ H3ydeHHe MHOTooOpasuil 1-cTpy# (yHKIMH Ha MHOrooOpasusx 1-ctpyh
(yHKUME (M APYTrUX NOJOOHBIX UTEpAlMi KAACCUUECKUX KOHCTPYKLHMH, BPOJIe
T*,J', PT* W T.1., C MX SHTEJEBLIMU M HHBIMH CTPYKTyPaMH).

3ameuanue 5. HaiineHHble B Hallleil 3aaue orubatolile crenyuabHbIX ce-
MeHCTB napaboJ/ HABOAAT HA MbIC/b O CYLIECTBOBAHHH MOJOOHBIX orubaro-
uwx B 6ojee 0OLMX cUTyalusix. PaccMOTpuM, Hampumep, KpUBYIO OOLIEro
MOJI02KEHHUsT HAa eBKJIM0BOH TJIOCKOCTH B KJacce KPUBBIX C TOUKOH BO3Bpa-
Ta noayky6uueckoro tna (muddeomopduyio kpupoit y? = x3). Pacemorpum
ceMelicTBO OOLIero MoJoxKeHust napabos WM MHBIX, NMOAOOHBIX mnapaboJe,
KPHBBIX C BEPLUMHAMH B TOUYKaX HCXOIHOH KPHBOH, C OCSIMH, MepIIeHINKYsIp-
HBIMH 3TOH KPHUBOH M HarpaBJE€HHbIMH B CTOPOHY LIEHTPa KPUBHU3HbI KPUBOH
B BeplIMHe «mnapaboJibl». Panvyc KpUBH3HBI «MapaboJibl» B BepllrHe OyaeT
MeHATbCS (HampuMep, Kak 2/3 pajanyca KpHBH3HBI HCXOAHOH KPHBOH HJTH KK
raaakas pyHKIUs 0O1IEro TOJNOXKEHUS OT 3TOTO pajnyca KpUBU3HbI, paBHas ()
B HyJie). CripallliBaeTcsi, MPH KAKUX YCJOBHUSX HAa 3Ty (PYHKIHUIO Takoe ce-
MeHCTBO «mapaboJs» 06l1lero rnoJjoxenust 6yjieT uMeTh orubaioltyio? Byer
JiM 9Ta orubarollas rJajkol B TOUKe BO3BpaTa MCXOAHOH KpuBoi? M Oymer
JIM ee KacaTesbHasi B 3TOH TOUKe KacaTbCsl B HeH HCXOAHOH KpuBoi? Ec-
JIM BCE 3TO Tak JIsl Hallero cemeiictBa napa6on H = 0 Jjuiib B cUly ero
MCKJIFOUHTENILHOCTH, TO KAKOBA CTeNeHb (KOPa3MEPHOCThb) HY»KHOH 3/1eCh UC-
KJIOUMTENLHOCTH ?

Cornacno [I. Kanuranuo (ITapwk — VII, 2002) Orubatomiasi nogo6Horo
ceMeiicTBa OOGIIEro MOJIOXKEHHS] MMEET MOJYKYOHUYeCKyl0 TOUKYy BO3BpaTa B
TOUKEe BO3BpaTa MCXOJHOH TPSIMOM, MPHUEM KacaTesbHble HCXOJHOH MPSMOi
1 orubarolledl B X 0o6lIel TOUKe BO3BpaTa MPOJ0/LKAIOT APYT APYTa.

[ToHuMasi BaXKHOCTb BCEX 3THUX OOIIMX W CrelUabHbIX BOMPOCOB, s BCE
e cooOlLy HHXKe 0 IpyroM 0G0OIIeHHH H3JI0KEHHOH BbIlle aCTPOUIATILHON
TeOMETPHH — O TEOPHH eUNEePKAYCMUK U eunep@pormos, sIBISIOUUXCS
KPUBLIMH Y:Ke He B JBYMEPHOH eBKJIMIOBON IJIOCKOCTH, 8 B (€BKJHIOBOM)
MPOCTPAHCTBE UETHOTO UMCJ/Ia U3MEPEHHUH.
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MABA V

TMMNEPKAYCTUKU U TUNEP®POHTDLI

11. TunepkaycTuku nepmoany4ecknx yHKUUm

[Mycrs g: S' — R — razkast gyHkuust Ha okpyxkuoctu {¢ mod 2n}. 3a-
(hukcupyeMm Liesoe uucso 1 > 1.

Onpepaeaenue. [unepkaycmuxa nopaoka n yHKyuL g— 310 KpHUBas B
npoctpanctBe R*", onpeiesieHHast yCJOBUEM CHIBHOTO BBIPOXKIECHUSI KPUTH-
YecKOH TOUYKH JIMHEHHONH KOMOHHALMH (DYHKLUMH g ¢ CHHYCaMH H KOCHHYCaMH:

{(A\,By; ...;A,, B)): 39 €S G'(A, B;p) =0}

JJ15 IPOU3BOJIHBIX T10 ¢ MOPSIIKOB i =1, ..., 21 (IPOU3BOAHBIX CTOJBKO, UTO-
6bl TIOJTyUHIach KPHUBasi) OT (DyHKLHH

n
G(A, B;o) = E (A cos(kg) + By sin(ky)) + g(¢).
k=1
[Tpoekiwst 3Toii KPUBO# Ha MyockocTh R? ¢ koopaunatamu (A, By) Oy-
JIeT Ha3blBaThCsl R-MpoeKumeil (eunepkaycmuku nopaoka n), k=1, ..., n.
Mbl nojsyyaem KpuByto B R® (mapameTpH30BaHHY0 KPHTHUECKOH TOU-
KO ) U ellle 71 TJIOCKUX KPUBBIX — ee NMPOeKLUH (TaKk:Ke NapaMeTpH30BaHHbIX
YIJIOM ).
Teopema 1. Komnonenmesl KacameavHoeo sekmopa eunepKaycmuku
nopadKa n NPoNnopYUOHAIbHLL L 8EKMOPAM

(C1y S15 . €y Sn) = (cOs(), sin(gp); ...;cos(ny), sin(ng)),
a UMEHHO, npous3soodHsie KOOpOUHam no ¢ 0aromes Gopmyiamu
Ay =erce, B, =puSe,

ede pynkyusa p, (pasnas paduycy KpusudHol R-npoexkyuu npu coom-
semcmsyroujem, u oocyxncdaemom Huice, 8o.60pe eOuHulybl OAUHbL) 3a-
daemcs ¢popmyroil

_dl'g

R

Pk

3deco d = d/do, a duppepenyuarsnoli onepamop L" nopadka 2n
ybusaem gyHKyuu c, U Sy:

L'=(1+d)4+d)...(n" +d%;
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YucAQ N onpedessiiomes opmyaot

Ik

=TI @-#.

1<i<n
Takum obpasom, oT k B dopmyse A5 o, 3aBUCHT TOJNbKO MOCTOSIHHBIH
(He 3aBUCSILLMI OT ) MHOXKHUTEJIb, CTOSILLIMI B 3HaMeHaTeJsle (hOpMyJIbl.

Mpumep. Tpn n =1, 2, 3, 4 snamenatesu k*\! UMeIOT 3HAYEHHSI, YKa-
3aHHble B MPHUBEIEHHON TabJsulle

k—1
(sHak Bcerna paBeH (—1)*7"). o~ . ‘ 9 ‘ 3 ‘ 1
[lepBble HECKONLKO OrMeparo- | ) 3 24 360
pos L" cyTh 2 12 60  —720
‘ 3 360 2520
L'=1+d*, L*=4+5d"+d
ta + ta, 4 —20160

L3> =36+ 494 + 14d"* + d°.
3ameanMe. OHPEILGJ]I/IM elle MHOroudJieHbl CTeIleHu 11 — 11

Ik

Lz =[] @+2),

1<i<n
1 U depeHinabHble orepaTopbl nopsiaka 2n — 2
2
Ly = Li(d).

BBejiertbie Bhillle MOCTOsIHHbIE Af = L1(—k?) — 910 COGCTBEHHBIE YHCIIA
9THX ONepaToOpOB.

Jlemma. Hmeiom mecmo coomHouierus
Li(d*) e, =Ny, LHd?*)s, = sy,
LZ(dQ)C[?gk = 0, LZ(dQ)Sl;ék =0 (1 < [ < ﬂ).

JlokasaTeJsbcTBo. OueBHHO, oniepaTop d? MepeBOJUT CHHYCHI H KO-
CUHYCBI B CHHYCbI U KOCHHYCBDI:

d’c, = —k*c,, d’s, = —Fk%s,.
[TosTomy nnist mo6oro MuorousieHa P nmeem
P(d®)e, = P(—=k%)ch,  P(d*)s, = P(—k%)s,.

[IprMmeHsist 370 K MHOTOUJIeHy P = L}, rnosiyuaeM COOTHOLIEHHSI JJeMMbl. [
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st mokasaTtesbeTBa TeopeMbl | Mbl cHauasia MOJyYHM SIBHYHO (popMmyJty
JUJIS1 KAYCTUKHU.

Teopema 2. Bupascenus Ay u B, uepes ¢pynkyuro g umerom suod
Ak :chk_lkska Bk:IIkSk+Ika,
ede ¢pynryuu 1,(¢p) u 11,(p) onpedenensr popmyranu

dlie) | _ Plig)
Y

Ik:—

HokasarteabcTBo. [lo onpenenennio KaycTuk,

n

Y (Adcv+Bid's,) =—d'g, r=1,....2n.

k=1

Cuurast Ko3hduimentsl A, u By, He 3aBHCSILIAME OT @ MOCTOSIHHBIMH, Mbl
TMOJTy4HM, TIpuMensist iBa oneparopa, d(L(d?)) n d*(Li(d?)), k GpyHkuusam c;,
S, ¥ g, CIelyloliKe 1Ba ypaBHEHHsl OTHOCHTENbHO Ay, U By:

Al(dLy) el + Bl (dLy)s] = —(dLy)g,
AJ(@ L))+ Bil(d°Ly)se] = —(d*Ly) g.
(Mbl Bocrofib3oBasuch TeM, uto npu [ # k (Li(d%))e; =0, (L (d*))s; =0.)

Mcnosib3ysi coGCTBEHHbIE UMCIa COOCTBEHHBIX (PYHKIHUH €, U S, Mbl MOXKEM
nepenucaTh BbiBeJleHHble YPABHEHHUSI B BUJIE

—(RN)ArS, + (BN Brer, = —(dL}) g,
—(kQXZ)AkSk — (kg)\Z)BkSk = —(dQLZ)g

Takum o6Gpa3om, Mbl MoJiyuaeM JBa ypaBHeHHs, MMelollde B MaTPUUYHOH

3aMuCH BHJL
Cr —Spi By _ L,
Sk Cp Ak - Hk ’

O6paliias OpTOroHasbLHY0 MaTpHIly MyTeM TPAHCMOHUPOBAHUS, Mbl HAXOJIUM
pelleHre HalluX ypaBHEHUH B BHJIE

Cr Sk L, _ By
—Sr  Cp Hk o Ak ’
YTO U JIOKA3bIBAET Teopemy 2. O
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HokaszatenbctTBo TeopeMmbl l.Tenepb mbl Gynem cuntath A, u By,
(yHKLMAMU OT ¢, onpejiesieHHbIMY hopMmyJiamu TeopeMsbl 2. [nddepenuupys
10 ¢ 3TH BbIPAXKEHHS], Mbl T10J1yuaem

A, = (1T, — kL), + (=R, — 1) sS4,
B;, = (RIL, + )¢, + (1L, — k) s,

Ho, no onpenenenuto pyHkuwit I, u Il,, umMeloT MecTo ToxK1ecTBa

_ (& kd®\Lig _

G+ kIl = (G + %) 57 =0,

) _(d® | kd\Lig d(d*+k),,,
=kl = (G + )3 = g (e

YuutbiBast orpeaedssitoniee onepaTtop L" cooTHOLlIeHHEe
(d*+ k)L =L",
Mbl IPUXOJUM K popMyJiaM TeopeMmbl 1:
A, = (I, — kL) cr, B, = (I, — k1) sy,
rae
d(L"g)

11— kI, = 42
e = e T T

O

Caencreue 1. Pyukyua p,/k asasemes (opuenmuposarnnom) paou-
ycom kpususdnol npoexyut (A, By) eunepkaycmuku Ha NAOCKOCMU C
dexkapmosoimi kKoopounamamu (A, By) (¢ mempuroii (dAz)? + (dB,)?).

Hoxasarteabctso. [lycts S, — anuHa BIOMb MPOEKLMH, R — 3TO
HarpaBJieHue CIpPOeKTHPOBAHHOH KpUBOH (1o Teopeme 1). [lpu nBu>keHuu
BJ10JIb CTIPOEKTUPOBAHHOH KPHUBOH C €JIMHUUHON CKOPOCTbIO UMeeM

(dAk —¢ dBy — )
S, k> S, k)

Torja Kak no reopeme 1

dAy dBy,
(d—cp = PrCk; d—cp = Pksk)-
do 1
CuiefoBaTe/IbHO, —2— = —, a 3HAUMT,
dSy  pr
d(kg) _ k
dSk B Pk’
To ecTb panuyc eBK/IMI0BON KPUBU3HbI CIIPOEKTUPOBAHHON KPUBOH B Halleil
MeTpuKe paBeH p,/k. O
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Caencteue 2. A) [unepraycmuka 8 R*" (a snauum, u kancdas us ee n
naockux npoexkyutl {(Ag, Br)}) umeem ne menee 2n+2 mouex sozspama
(noaykybuueckoeo muna 0451 g 06ULE20 NOAONCCHUSL).

B) Anomepruposannas dauna eunepraycmuru (4 Kaxcooi us ee npo-
ekyuil) pasHa Hyao (cuumas OMLHbL OMPE3K08 KPUusol mexdy mou-
KaMmu 8038pama ¢ MEeHAIOWUMUC NPU NPOXONOCHUL KAHCOOU MOUKU
8038pAMA 3HAKAMU).

C) bapuyenmpol mouex 8038pama ¢ H4emHuIMU U C HEHeMHbLMU HO-
Mmepamu 8006 KAYCMUKU cOBNAOAIOMN.

D) Humeepaa om npoexyuu Ha 2106y10 nPAMYIO OM BEKMOPHO20 pac-
npedenerus 80016 KpUBOL, NOCMPOEHHO20 NO PACAPEOeNeHUI0 MACCOL ¢
naomuocmoio £1 80046 eunepraycmuku, MeHAIOUe20 3HAK RAOMHOCMU
8 Kaocdol mouKke 8038pama, pasex Hyuo.

HokaszartenbcTBo. A) Hocratouno npuMenuts teopemy Lltypma—
[ypBuLa K yHKUHH pg, HYJIH KOTOPOH HAXOAsITCA B TOUKAaX BO3Bpara, M Ko-
Topasi oproronaibHa gyHkuusam (1, c,, s,), 1 <k < n, Kak 1 Besikast PyHK-
st U3 obpasa oneparopa dL", uto nokassiaet ee psia Pypre. [To Teopeme
LItypma—TIypBuua takast (hyHKIUST HMeeT He MeHee 2n1 + 2 Hyqed.

B) Ilns1 anbTepHUPOBAHHON JUIMHBI POEKUMH Mbl HMEEM BbIpaKeHHe

_ [ dSe, _ 1 _
/ ) d‘P_/ dcp/dskd“’_/ predp

M03TOMY %dSk = 7{ pr do =0, KaK 1 17151 BCSIKOH (hyHKLMM U3 06pasa ore-

patopa dL", kotopast oproroHajbha ua S' dyukuusm (1, ¢, s;) npu k =
=1, ..., n (370 nokaseiBaet psn Pypbe).

M3 storo cJeiyer, uTo U ajbTepHUPOBAHHAS AJHHA CAMO IHIIEPKAYCTHKH
TOKe paBHa HyJ0. [lesio B TOM, uTO, MO (hopMmyJie TeopeMbl 1, OTHOLIEHHS
01/p1 TOCTOSIHHBI (HE 3aBUCSIT OT (), @ TOTOMY 3JIEMEHThI JIIHHbBI IPOEKIHH TaK-
’Ke MPONOPLHOHAJbHbI APYT JPYTY C HE 3aBUCALIMMH OT @ KO PULIMEHTaMH.

D) [1st uHTerpasoB OT MPOEKLMH Halllel TVIOTHOCTH MOYKHO HaMucaTh Bbli-
pakeHusi BUIA

7{6,@ ds = %Cos(k,q))pk(q)) ds.

OTOT HHTErpaJl paBeH HyJI0 BBHILY OPTOrOHAJIbHOCTH (PYHKLUHH o (DYHKLH-
M Cp U Sp.

C) HokaxkeM 3T0 yTBepKjeHHE B TaKOH hopMme:

Caencrsue 3. [Tycmo (Py, ..., Py,) — 8ce 2m mouek 8o3spama eunep-
Kaycmuku, 3anymeposarHole 8 nopadke sospacmanus ¢. Toeda sek-
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MOPHbBLE CYMMbL MOUECK B03BPAMA C YeMHbIMU U C HeUemHbLMIL HOMepa -
MUy cosnadarom:

P1+P3+...+P2m_1 :P2+P4+...+P2m.
N3 sTOrO paBeHCTBa CJjeayeT TAakoe Ke paBeHCTBO OApHULEHTPOB H JIS
MPOEKLIHUH.
HokaszarteabctBo caenctBus 3. [lo Teopeme 1,

Piyi Piti
/ dA, ==+ / cos(kg)er do,
P P

i i
MO3TOMY YTBEPKJEHHE Y2Ke JIOKA3aHHOTO cJiencTBHs 2 D npuHuMaeT BHJ
2m
0= § costkg)pr(s) do = S (~IVIAu(P) = AP))
j=1
(rne Pon,q = Py). Ecan 6bl He MHOXKHTENL (—1)/, TO 3TO TOXKIECTBO GBLIO
6b1 oueBUHBIM. Ho, yunTbiBast 3HaKu, Mbl BUJIMM, UTO OHO BbIpayKaeT Heoue-

BUJIHBIN (aKT: m m
ZAk(PQj) = ZAk(PQj—l)v
j=1 i=1

W aHaJIorHuHO JyIsl By, (1pH MOMOLIM OPTOrOHAJIBHOCTH (PYHKLUH o), K (DYHKLHH
sin(k¢p) Ha OKPY»KHOCTH). O

Caeacreue 4. [auuol uHmepsasos eunepkaycmuku, He cooepia-
Wux mouKku 8038pAMA, NPONOPUUOHANLHbL NPUPAUEHUAM GYHKYLU
L'g meoncdy oepaHuuusaowumy uHmepsaasl mowkamu (1 mo e cnpa-
8e0AUB0 048 NPoeKyuil).

Hanpumep, aist npoekimn Ha mockoctb {Ag, By} (¢ merpukoii (dA)? +
+ (dB)?) LaMHA TAKOTO HHTEPBAJA, OTPAHMUEHHOTO TOUKAMH C KOOp/MHATA-
MH Qo U ¢y, paBHa

/ " s, = (L"g)(p) — (L"8)(%0)
w0 (k)%)

Mpumep. st cranpapTHoil actponsl Ha miockoetd {(A = —4 cos® o,
B =4sin’¢)} nanna oTpeska KayCTHKM MEXIy JByMsl COCETHHMH TOUKAMHU
BO3Bpara paBHa 6 (T.e. Ha 6% GoJibliie AJHHBI OTPE3Ka MPSIMOE MEXKY ITHMHU
TOUKAMH, paBHOi 4v/2):

/2
/ dS = —3(cosn—cos0) =6,
0
oo g =cos(29), n=k=1, L'g=(1+d*)g=—3cos(29), k*\ =1.
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HokaszatenbctBo caenctBus 4. [lo Teopeme 1, a’Sk/dq):pk =
= (dL"g)/(k*\}). TTostomy, cornacho dhopmyJie HbroTona,

?1 Pl derg Lng 91
/ ds, = / S de =55 O
%0 %0 & ke 1%0

3ameuanue 1. Anasornunasi popmyJia moJydaercsl U 1Jisi JJIMH MHTepBa-
JIOB THTIEP(POHTOB H HMX MPOEKLHH, KOTOpPble Mbl HCCHeIyeM B pasiesne 12:
JUIsl THIIEP(POHTA, COOTBETCTBYIOIIET0 KPUTHUECKOMY 3HaueHuio C,

1 Pl 1 N2, _n
@0 ©0 @0 ke

3ameuanue 2. Bpenem Bennunnbl 1, u Il,, HOpMUpyst ciierka no-HoBomy
KO3(DPHUIMEHTBI TeOpeMbl 2:

L= (KN, = —k2(dL})g, T, = (NI, = k(LY)g.

Torja kaxas napa dyuxuuii (I, 11,) y10B1eTBOpsieT <He 3aBUCSILEMY OT k»
JuddepeHIaIEHOMYy ypaBHEHHIO

dil,

di
5= e Gy

qkg) =p+1, ()

rie ¢ = k*Nlp, = (dL")g yxe He 3aBUCHT OT .

13 Teopembl | cienyer, uto uncsa 060poToB BekTopoB (Ay, By) u (1x, 11;)
CB$S13aHbl COOTHOILIEHHEM

ind(Ay, +iB,) = ind(ll, + il,) + %.
Ho u3 nuddepeHunanbHoro ypaBHeHHs (%) CJeyeT, uTo

ind (11, + il,) = —%(- uyseit 1,).
[Tostomy, corsiacHo Teopeme 2, BBHY COOTHOLIEHHS

Ap+iBy = (I, + ily) (¢ + isk),
BBITIOJIHSAETCS CJleytolias GpopmyJia JJisi HHAEKCOB!

ind(A, +iB;) = —é(— HyJaell ¢pyHkumn (dL,g)) + k

(ecnu A, +iB, He umeer nyJseit). OTcrona cjiefyer, 4To (B OTCYTCTBHE HYJIeH
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Ay + iB}) BbITIOJHEHO HEPABEHCTBO
ind(A, +iB) <0,
160 ¢ynxuus (dL})g oproronansna dyukuusm (1, ¢, s;) (I=1,...,k=1)u
MMeeT, cJieJloBaTesIbHO, He MeHee 2k HyJiei (1o Teopeme LlItypma—TIypruna).
[Mpumep 1. TTonoxum g(¢) =cos(key). Torna (npu n>k) L;g=N\} cos(ky),
Ik = Sin(k(P), Hk = — COS(k(P), Ak = —1, Bk = 0, ll'ld(Ak + lBk) =0.
Mpumep 2. Tyctb g(¢) = cos(29), n = 1. Torna k =1 n kaycruka —

acTpouja: , i
(A =—4cos’ g, By=4sin"g),

cTajo ObITh
(I, =2sin(2¢), I} = —4cos(29)).

B srom cayuae (dL})g = —2sin(2¢), -(uyaeir) = 4, ind(Il; + il,) = -2,
il’ld(Al +lBl) =—1.

[Tpu n=1, k=1, g(p) =cos(mey), Mbl HAXOAUM TaKUM e oOpa3om [} =
=msin(me), Il;=—m? cos(my), ind(Il,+il;)=—m, ind(A, +iB,) =1—m<O0.

Cayuait m = 0 — uckiiouenue, Tak Kak B 31oM cayudae [, =1, =0 u na
Kayctuke A = B =0, a UHJIeKC He oTpeJesieH.

12. [unepcpoHTbI NepuoaNYECKUX pyHKUMIM
M noAcHeT 4ncna napabonnq4eckux KPUBbIX
Ha anrebpanyveckux moBEPXHOCTSIX

[Tyets g: S = R — rnajkas 2n-nepuoanueckast yHKLUS apryMeHTa .

Onpepeaenue 1. C-euneppornmom nopadka n hynkyu g Ha3blBaET-
cs KpuBasi B R?", o6pasoBaHHasi TeMH 3HaueHdsiMU 271 napametpos (A, By)
(=1, ..., n) dynxkuuu

n

G(A, B;g) = (Arcos(ky) + By sin(kg)) + g(g),

k=1

JUIsl KOTOPBIX 3Ta (PYHKLMS yria ¢ UMeeT KpuTHueckoe sHauenne C B KpUTHUe-
CKOH TOUKe KpaTHOCTH He MeHee 211 — | (Takoi 60JIbIIOH, UTOOB MOJYUHIach
KpHBas):

JoeS":GA,Byg)=C u GA, B;o)=0 (i=1,...,2n—1).
CootsercTByloLIHe MII0CKHE KpuBble { (A, By)} OyayT HasbiBatbest k-npo-

exkyuamu runepdpponta (k=1, ..., n).
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Teopema 1. fIsnoie popmyavt 0aa koopdunam mouex C-eunep@por-
ma ¢pyHKyuu g cymo

Ak:CkHIk—SkIVk, (1)
Bk = SkHIk + ckIVk,
ede pynuryuu 111, u IV, yera ¢ soipascaromes wepes ¢pynkyuro g op-

Myramu

__(LpE=90 __(dLp)g
I, = v , IV, = Y (2)
8 Komopulx onepamopol L} u wucaa N} onpedeiersl 8 meopuu eunepka-
yemuk (pasnen 11, c. 60).

HokaszarteabctBo. [Ipumenss onepatopbl L} u dL} K ¢yHKUMH
G(A, B;-) — C nepeMeHHOl ¢, Mbl MOJYYHUM HYJIM MO ONpPEJEJeHHIO THITep-
(bponTta. YuuthiBast co6cTBeHHbIEe uncaa, Lic, = Nic,
Lis, = NSy, Lic,=L}is; =0 npu [ # k, Mbl npuxoanm
K CHCTeMe

{ MNpCelp + Mgk By = =Ly (g — C),

Kaycmuka

pponm Ny (=sp Ay +cpBy) = —(dL})g.

Hcnosb3ysi o603Hauenus (2), Mbl MOXKEM Nepernucarh
3Ty CHCTeMY ypaBHEeHHH B MATPUUHOM BHIE:

Cp Sk Ak o HIk
Puc. 26. lMocTpoenne —Sk Cp B.,)  \IV./)~

(runep)pponTa
O6paliiasi OpTOroHaJbHY0 MATPHILY MyTeM TPaHC-

MOHUPOBAHHUS, Mbl JI0Ka3biBaeM (opmyJibl (1) Teopemsl 1. O

3ameuanue. PaccMoTpuM R-NpoeKUHIo THIIEPKAYCTHKH MOpsiaKa 71 Ha
k-nyockocts {(Ag, Br)}. Haunnas ¢ toukn (A;(9) = cplly — sl Bi (o) =
= Spll, 4+ ¢,l;) Teopembl 2 pasnena 11 (c. 61), Mbl Gynem ABHUraThest BJOJDb
KacaTesibHOM MPSIMOH K k-MPOEKLMH THIEPKAyCTUKH, CIBUTASICh HA PACCTOSI-
Hue o), (B CMbIC/IE EBKIMAOBON MeTpHKH R-ntockocTH, (dA,)? + (dB)?). Tlo
TeopeMe 1, MBI IpHieM B TOUKy (puc. 26)

(Ap(or) = A, +0kce,  Bi(op) = B, + 015,) (3)

(nepeMeHHaﬂ @ cenuac 38(?11)I/IKCI/Ip0BaH8 H HE yKaSbIBaeTCﬂ).

Teopema 2. [Iycmo paccmosnue clsuea om k-npoexkyuu eunepkay-
CMuKu ecmo

5 = (CO* —L'g)

(R*)%)
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Toeda mouka (3) npunadaexncum k-npoexyuu C-eunepppouma ¢dyrk-
uuu g, usyuasuweeocs 8 meopeme 1.

HokasartesabctBo. [lo onpenenennto (3), Mbl OKa3biBaeMcsl MpH yKa-
3aHHOM BbIOOpE PACCTOSIHUS G B TOUKE C KOOPAHHATAMH

(Ak(O'k) = Cka — Ska + C,0p, Bk(Gk) = Ska + Cka + SkO'k).
Ho, cornacho (1), Ha C-(poHTe KOOPAHHATHI TOUKH CYTh
(Ak :CkHIk—SkIVk, Bk :SkHIk-f—CkIVk).

Koadduumentsl I, u 1V, coBnanator no ux onpenenenusm. [lostomy nns
JI0Ka3aTesbCTBa TeOpeMbl 2 ocTaercs fokKaszath Toxaectso 11, + o, = I11,.
[To onpenenenuto, BXOASIIME COJIa BEJUUHHBI PABHBI

201 n n

OV A
I/ITaK, OCTaeTCsl MPOBEPUTL TOKIECTBO
d*(L1g) + k*Nio, + k*(Lig) = K°L;C. (4)

Ho (k*+d?) L} = L" (no onpenenenusiv Ha ¢. 60—61, priznena 11). Takxe 1o
NPUBEJICHHOMY TaM Ofpejiesienuto oneparopa L, umeem L"1 = (n!)? = k*L1 1.
[Tostomy opmyna (4) sKBHBaJEHTHA OMpeaEsIONIel 3HaUeHHe o, GopMye
TeopeMbl 2:

(n)?’C = L"g+ k*\!oy,

1 TeopeMma 2 JoKasaHa. O

3ameuanue. XoTsl Mbl JIOKa3ajd BCe 3TO BbIUHCJEHHEM MPOEKIHUH, Ha
CaMOM JleJie Pe3yAbmamm SBASLEmCcs eoMempuueckum. mouka eunep-
Gporma npuHaodseHmum KacameavbHol npamol K eunepkaycmuxe,
NPOBENEHHOH B pocTpaHcTBe R*" U BLIXOASALEH U3 COOTBETCTBYIONIEH TOUKH
(A*, B*). HetictBuTenbHO, popmyJibl pasaena 11 mokasbiBaloT, 4To djeMeH-
Thl d S}, IJIAH TPOEKIIMHA MHIePKAyCTHKH CBsI3aHbl MEXKy COOOK MPH pasHbIX R
COOTHOLLUEHUSIMU dS;, = ppd(. DTH COOTHOLICHHS [10KA3bIBAIOT, UTO OTHOLIE-
wust dS,/dS, = pk/p, He 3aBUCAT BJIOJIb THIIEPKAyCTHKH OT ¢. Popmyna Teo-
pemel | pagnena 11 nns p, AoKa3bIBaeT HE3aBHCHMOCTb OT R MPOM3BEEHHS

kN = (dL")g,

a TeéM CaMbIM JO0Ka3bIBAeT Cl:)Opr[yJ'ly7 CBSI3bIBAIOLLYIO MeTpI/IKI/I paSHbIX ﬂpO—
GKU,I/Iﬁ mnepkaycmkn:
EONLAS, = PAdS,.
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Ara dopmyaa nojackasbiBaet, uto B R* ectb ydobrsLe mempukiL, Hanpumep,
ypaBHHUBAIOILAst k-MPOEKIMH METPHKA

(ds)” = [k ()’ ((dAw)* + (dB))],

W uTO 8ce nepemeujeruss AS, = o, meopemol 2 18ALI0MCL NPOCKYUIMU
00HO20 U MO20 e nepemewjerus 80046 KACAMEALHOU K 2unepkay-
cmuke 8 npocmparcmese R, Jlnsi yioO6HON METPUKH dS, BBEJEHHOH BbIILIE,
3TO rI00aNbHOE MepeMellleHHe CIBUraeT TOUKY BJ0JIb KacaTeJbHOH MpsiMoi
TUTIEpPKayCTHKH Ha paccrosinue /1 C(n!)? — L g].

3ameHenne noctosinHoil C CBUraeT KaxkIylo TOUKY IUrepgpoHTa Ha 110-
CTOsIHHOe (He 3aBHCsilllee OT TOYKH) PACCTOSIHHE BJOJb KacaTesbHOH K TH-
nepkKaycTHke (M aHaJIOTMUHO CJIBHTaeT Mpoekuuu). B 3ToM cMblcie eunep-
ppormol ¢ pasuoinu 3naveruanit C 0KA36L8AI0MCA <AAPANNCAb HOIMU .

Teopema 3. Komnoueumol KacameabHoeo 8eKmMopa eunep@porma
NPONOPUUOHANLHOL 8eKMOPAM (—Sy, Cr), @ UMEHHO, NPOU3BOOHbIE KO-
opdunam mouex eunepppornma (1) no ¢ pasuor A, = —R,Sy, B, = Rycp,
ede
(n)*C—L"g)

(RN%)

dAy  1dA
dko ~ k dy’
eKkunn runepdponTa (B CTAHAapPTHOH eBKIMA0BOH Metpuke (dA,)? + (dB,)?)
paBen R,/k = 6, — 3T0 paccTosiiue OT TOUKH CIIPOEKTHPOBAHHONO rurep-
(hpoHTa 10 CIPOEKTUPOBAHHON THMEPKAYCTHKH BJIOJIb KacaTeJIbHOH K MPOeK-
MM THIIEPKAYCTHKH, KAK U JO/KHO OBbIThb Ui 9BOJLBEHTHI 3TOH MPOEKIUH
THIePKAYCTHKU (0), — IUTMHA CBOGOJHOIO KOHIA HUTH).

Rk:kck:

3ameuanue 1. [Tockosbky TO PajMyCc KPHUBHU3HbI k-1TPO-

3ameuanue 2. [Ipoekyus eunep@poHma OpmoeOHANbHA KACAMeAb-
HOUl K CNPOeKMUpOBAHHOL eunepraycmuxe.

60 BeKTOp (—S;, C;) HATIPABJIEHHS CITPOEKTHPOBAHHOTO rUTIEp(POHTA Op-
TOTOHAJIEH BEKTOPY (Ck, S;) HATpaBJEHHs CIIPOEKTUPOBAHHON I'HIEPKAYCTHKN
(BbluncsienHomy B Teopeme | pasnesa 11). M3 3TUX CBOWCTB MpoeKlnK cJe-
JIyeT, UTO U caM TruneppoHT OPTOroHaJieH NPsIMOH, KacaTe/bHOH K rMrepKa-
YCTHKE B COOTBETCTBYIOLLEH TOUKE.

HokaszarteabctBo Teopembl 3. Huddepenuupys dopmyan (1),
MBI MOJTy4aeM
A, = cp(III' = RIV) — s, (IV" + EIII),
B, = s (III' = RIV) + ¢, (IV" + RIII).
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Ho III" = —di—,’fg, V=- d;\’ﬁjg, nostomy III"' — RIV = 0. C npyro# cTopoHsl,
Mbl BHIHM, UTO' ¢

d’(L;g) n K (=Lyg=C) _ _(d’+k)(Lig) + kQLZC'

(kXy) (kXg) 2

[To onpenenennto (pasnen 11, c. 60) (&2 + k%)L =L", a R2LII =1"] =
= (n!)?. Vtak, Mbl IoJlyuaem BbipaxKeHHe IS HeloCTalolero KosdduuuenTa:

IV + kI = —

(n)2C—L"g

IV Il = 2 =8,

JIOKa3bIBaroliee Teopemy 3. O

Caencrue. Cpedu eunepgpormos nopsaodka n nepuoduieckotl pymk-
yuu umeromes eunephpormol ¢ 2n + 2 uau 6oaree moukamu 803spama
(042 @pyHKyUl 0Oweeo nosoNeHUA — NOAYKYOULeCKO20 muna), u cpedu
HUX UMeemcsa eunep@porm aibmepHupo8arHOl OAUHbL HYAb, NpULEM
makumu e ceoticmeami obaradaom u k-npoekyuu yKasamHolx eunep-
¢dporumos.

Humeepaa om pacnpedeserus macc ¢ naomuocmoto £1 80oas eunep-
¢pponma (3Hak meHsemcs npu npoxoucderul Kaxcool mouxKu 8036pa-
ma), cnpoexmupoOB8aHHO20 Ha MO0OYI0 NPAMYIO, PABeH HYMO.

bapuyenmpol mouex 8038pAMA C HEMHLIMU U C HEUeNHbLMUL HOME-
panu (npu Hymepayuu 80046 cunepPHpoHma) cosnadaiom: ecau 8ceeo
IMux moudexk 2m, mo

P1+P3+...+P2m_1:P2+P4+...+P2m.
ﬂOKaSaTEJ’[bCTBO. (DyHKLLI/Iﬂ
L'g=(®+ 1)(d®+4).. (d>+nd)g

OpPTOTOHAJIbHA HA OKPY:KHOCTH 211 PyHKUMSAM (Cy, S), R =1, ..., n, KaK no-
KasbiBaeT pasnoxkenne B psin Pypbe. Ecsin oHa He opToroHasbHA eIUHHUIIE,
TO 3TOH OPTOTOHAJLHOCTH MOYKHO JNOOGUThbCS (He Hapyllasi OCTasbHBIX) JJIst
Mouduimposannoi ¢pynkunn (n!)2C — L"g (BoiGopom nocrosiuuoi C, 03Ha-
yalllell Hymepylolilee THIEPPPOHTLI KpUTHUECKOoe 3HaueHue). Heob6xonnumas
3nech nocrosiHHass C He 3aBUCHT OT k, TaK UTO Mbl MOJIYUHM €/IUHbIH THIEp-
(poHT, Bce R-TIPOEKLHMH KOTOPOro GYAyT HMETh OPTOrOHaJbHble KOHCTAHTAM
pajiychl KpHBH3HBI Ry/k W, cTaso GbiTh, GYyT MMeTh HyJeBble albTepHHpO-

BaHHbIEe JJIUHBI:
ds
deszd—(Pkdcpszkdcpzo-
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ITOT Ke runep@poHT (1 ero MPOeKLUNH) UMeeT He MeHee 21142 ToueK Bo3Bpa-
ta (no teopeme Llrtypma—Iypsuua). OcranbHble YyTBep:KAECHHS CJCACTBUS
BBITEKAIOT TAKUM 2Ke 00pa3oM M3 OPTOroHaJbHOCTH (PyHKUMM L"g (yHKUM-
SIM Cg U Sp,. 3]1eCb OPTOrOHANBLHOCTb KOHCTAHTAM He HY»KHa, 03TOMY pe3yJib-
TaThl OKAa3bIBAIOTCSI CIIPABE/UIMBBIMH 7Sl BCeX THIEP(POHTOB, HE3aBHCHMO
OT 3HAUeHHs] HyMepylolleH THnepdpoHTkl ocTosiHHON C (KPUTHUECKOTO 3HA-
YeHus). O

320/1HO MOJYUAIOTCS BbIpAXKEHHUS /st IJIMH (aJIbTEPHHPOBAHHOTO OPUEHTH -
POBaHHBIX) THIEP(HPOHTOB: ITH JJIMHBI OKA3bIBAIOTCS JIMHEHHBIMU (PYHKIUSAMH
ot noctostinoi C. st cTannapTHoil MeTpukH (dA.)? + (dB,)? Ko3hduument
npu C B opmyJie st JIHHBL £-TTPOEKIUH

Si(C-dppont) =aC+b
(n)’
[V

VCcXOHBIM TYHKTOM BCEX H3JI0’KEHHBIX B HACTOSIILIEH CTaThe pe3yJibTa-
TOB TMOCJYXKHUJH BOMPOCHI, noctaBieHHble A. Opruu-Pojpurec, MeKkcHKaH-
ckoil acnupanTkoil ynusepcutera Ilapuxk — VII, xotopyto 51 3aech 3a 310
6J1aroaapio.

1) CkoabKO CBA3HOLX KOMNAKMHOLX KOMNOHMEHM MOJCem ument
(enadkas) kpusas napaboauueckux mouek epapuka 8eujecmserHo-
20 MHoeounrena [ cmenenu D om 08Yyx nepemerHoix?

2) CKOAbKO CBA3HOIX KOMNOHEHmM modxcem umemo (eradkas) kpusas
napaboauveckux mouexk (eradkoti) arcebpauueckoii nosepxrocmu M
cmenenu D 8 mpexmepHom eeujecmserHHoOM NPOEKMUBHOM NPOCMPaH-
cmee?

MoxHO Gbl0 Obl pacCMOTPETh TPaUKK BElECTBEHHBIX ajreGpanuecKux
(hYHKLMH, He SBJSIONIMXCS MHOTOUIEHAMH, BPOJIe KyOHUECKOTO KOPHS U3 Be-
11IeCTBEHHOTO MHOTOUJIEHA, HJIH TPahHUKH PALHOHAJIBHLIX (YHKLHI.

CMBIC/T BCeX 3THX BOIPOCOB COCTOMT B TOM, UTOObI BBISICHUTD, He HaKJja-
NILIBAET JIM TeCCHAHOBOCTD ypaBHEHHST TapabosIMuecKuX KPUBBIX OrpaHUUeHHH
Ha HX TOMOJIOTHIO, MX a/JreOpauuecKyro reoMeTpHio, Moj0CHbBIX TeM, KaKde
HaKJIA/IbIBAIOT MPAJMEHTHOCTb UJH FAMUJILTOHOBOCThb, CHMIIIEKTHUHOCTD HJIH
KOHTAKTHOCTb, JIArPAHKEBOCTb WJIH JIEXKAHJIPOBOCTh.

Ho, B To BpeMsi Kak B Tepeunc/IeHHbIX [IECTH TEOPHSIX TAKHE OrpaHHYEHHS,
HauKMHast ¢ MOCTAHOBKH BOIpoca MHOI0 B 1965 rojy, 6buIH cepbe3Ho H3yUyeHb
MHOTHMHU 3aMeuaTeJIbHbIMH MaTeMaTHKaMK (M TPUBEJIH, HalpUMep, K Co3Jla-
HUIO «CHMILJIEKTHUECKOH M KOHTAKTHOH TOTIOJIOTHH», <T€OPUH JarpaHKeBbIX
nepeceueHnil U JIeXKaHIPOBbIX Y3JI0B», K J0KA3aTeJbCTBY TaK HA3blBAE€MbIX
«rUroTe3 ApHOJbIA» U K MOCTPOEHHIO «KBAHTOBLIX OMOJIOTHI», «TOMOJIO-

€CTb a =
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ruit Gyioepa», «KKOHTAKTHBIX TOMOJIOTHH HekaHOBa» W T. 1. — CM., HaripuMep,
063opnl [7], [8], [9], [10]), B ciyuae reccuaHoBoil TOTIONIOMMH U3BECTHO ropas-
JIo MeHblile (couwnock Juib Ha [3], [11], [12]). Uro kacaercsi 3anau 1) u 2)
BbILIIE, TO MHE H3BECTHBI JIUIIb CJENYIOIHE PE3ybTaThl:

1y B=DE=2 < pyparp) < EE=AER0 4
9) w < bo(ParM) < 10D° — 28D% + 4D + 3.

OueHka cHM3y 37eCh 0O3HauaeT cyllectBoBaHue (npu D > 3) mpumepa c
yKa3aHHbIM UMCJOM JAHPPEOMOPPHBIX OKPYKHOCTH KOMITOHEHT, a CBEPXY —
HepaBeHCTBO, KOTOPOE JI0KA3aHO (BEPOSITHO, OUEHb JIABHO).

3ametka A. Optui-Pojpurec, coepkaiiasi 10Ka3aTeibCTBO HepaBeHCTB
1) u 2) ony6nukoBana B Comptes Rendus Ac. Sci. Paris, Ser. [. 334. 2002.

Ko3hduiimeHThl B OLIeHKAaX CBEPXY W CHU3Y PAcXOJATCS B UeThipe pas3a B
MepBOM cJlyuyae U B JIBAJIATh BO BTOPOM, XOTS YPABHSATb HX, BEPOSITHO, ObLIO
Obl Jierue, ueM, CKax<eM, B HepaBeHCTBe MHUSIOKH.

IMpumep. MHorousien cteneun D ¢ W KOMITAKTHBIMH KOMIIO-
HEeHTaMH CBSI3HOCTH TIpuBefleH B paborte A.Oprtuu-Ponpurec. Irtor
NpUMep YCTPOEH TaK: paCCMOTPUM MHOTOUJIEHB! 1 -1 cTe-
neuu [y, ..., [p, yJ1OBJETBOPSIIOlIKE HEKOTOPOMY YyCJIO-

BHIO THIA OOLIHOCTH MOJIOYKEHHS.

Jnst muorounieHa f = [yly...[p BbIMOJHEHA CJeytO-

1ias Teopema:

Teopema (Optui-Pojpurec).
1) lapaboruueckas kpusasi mMHo20UAeHA [ CO-
(D-1)(D-2)

cmoum u3 posHo f KOMNOHEHN €843~

Hocmu, duggeomopproLx OKpyIcHOCMU — NO 0OHOI |
8 KaxOOU U3 0SPAHUYEHHOLY Yacmell, Ha Komopbie — p. - Mpsmere
obvedunenue npamox {l; = 0} deaum naockocmo {l; =0} u Parf
(puc. 27).

2) Muoeouren [ eunepboiuuer 8ne 3amMKHYmMo2o 0b6vedurenus yno-
MAHYMOLX 0SPAHUUCHHOLY HaACMel NA0OCKOCMU.
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Hanomuuaune anemenToB aHannsa,
OTCYTCTBYIOLMX B €O (COBPEMEHHBIX) U3NOMEHUSX

«Pacnpenentnne p dS Maccel MJIOTHOCTH p BAOJb KPUBOH», 0 KOTOPOM HAET
peub B TeopeMe, PopMaibHO HA3bIBAETCS B MATEMATHKE TEPMUHOM «8eKmop-
HAA NAOMHOCMb>» (TOBOPAT TaKXKe «IOTOK», «0600IeHHast BEKTOP-(yHK-
Us» U T.11.).

K cokasieHnto, HEKOTOPbIM YHTATE/SIM CTAPOMOJIHbIe «GECKOHEYHO Masible
3JIEMEHThI KPUBOH», (popMasiidyemble 3TOH TEPMUHOJIOTHEH, HEMOHSATHDI, K HX
HY»KHO UM PacTOJIKOBBIBATb, UTO W ClleflaHO HWxKe. TpyaHOCTb MpelcTaBsier
JIMIIb TO, 4TO dS B «pacmpeieseHnt p dS» o6o3nauaer He YHCJI0BOH audhe-
peHuMas yHKUMH (MBI IYTH) S, 4 8eKMOP — «OeCKOHEeUHO MaAbli dne-
MeHm kpugoi». JlokazaTeqbCTBO TEOPEMbl 0 HYJISIX HHTErpaJioB 3aKJ/0UeHO
B MPUBEJIEHHBIX B TEKCTE MPOCTBIX (hOpMyJiax, HY»KHO JIMLIb CJEUTb 32 CMbl-
CJIOM ynoTpeb/sieMbIX TaM 0003HAUEHHH.

Onpepnenenue. BekmopHotl NAOMHOCMbIO HA TVIAJKOM MHOr006pasuu
Ha3blBaeTCsl 3aJaHHasl Ha HeM AuddepeHlHanbHas GopMa co 3HAUEHHSIMU B
BEKTOPHOM MPOCTPaHCTBeE.

Mbl HernosibayeM HUKe 1-(hopMbl, T. €. JiHHelHble GYHKIMH OT KacaTeJbHO-
ro BeKTOpa, U MHOroo6Gpasusi Toxke OyayT ofiHOMepHbIMU. OHAKO BEKTOPHOE
MPOCTPAHCTBO 3HAUEHUH MOXKeT GbITb ¥ MHOTOMEPHBIM (y HAac OOBIYHO IBY-
MEpPHbIM).

BekTopHble MJIOTHOCTH MOXKHO UHME2PUPOBANIL TIO LEMSM COBEpIIEHHO
TaK XKe, Kak Aupdepennambubie OPMbI C YHCJAOBBIMU 3HAueHHsIMH. HTe-
rpaj— 3TO Tpejies] HHTerpaJbHbIX CyMM, OH — TOXKe BEKTOp (TOTrO Ke Mpo-
CTpaHCTBa 3HAYEHHI).

Ha rniagxoft KpUBOH B BEKTOPHOM MPOCTPAHCTBE HMEETCSl eCmecmeeHas
8EKMOPHASL NAOMHOCMb (KOTOPYIO MBI 6yieM 0003Ha4aTh uepe3 dS 1 Ha3bl-
BaTb «3JIEMEHTOM KPHBOW»): 3HaueHue amoti 1-gpopmor Ha Kaxidom Kaca-
MeAbHOM BeKMope KPUBOLl pasHO camomy amomy sekmopy (Ho paccMa-
TPUBAEMOMY KaK 3JIEMEHT COJIePKAllero KPHBYIO BEKTOPHOTO MPOCTPAHCTRA).

YMHOXKasl 3JIeMEHT KPUBOH Ha Ha YMCJIOBYIO (YHKLHIO p, 3ajaHHylO Ha
KPHBOI, MBI MOJTy4aeM BEKTOPHYIO MJIOTHOCTb p dS (3Ha4eHue Komopoi Ha
KQaiOOM KACameabHOM K KPUBOL 8eKMOpe paBHO NPOU3BEOCHUIO IMO20
8eKMOpa Ha 3HAYeHU PYHKYUU o 8 MOUKe €20 NPUAONCCHUS).

[Mpumep. PaccmoTpum pacnpeneneHre mMacc ¢ JIMHEHHOH (OTHOCHMOH K
€JIMHHLLIE JTJIMHDI JU/IHI/II/I) [JIOTHOCTBIO © BAOJIb OpHEHTHpOBaHHOﬁ KpHBOﬁ B €B-
KJIMJI0BOM MPOCTPAHCTBE. JIUHel KOl NAOMHOCMbIO PacTipeaeseHns B TOUKe
KPUBOI HA3bIBAeTCs POM3BOJHASIOT MACChI Iy KPUBOH, 3aKaHUHBAIOIIeHCs
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B 3TOH TOUKE 110 OPUEHTHPOBAHHOMN JUIMHE S 3TOH AyrH. Pasymeercs, HU M0T-
HOCTH, HU Macchl He MPEANOJNAaralTcs 31eCh MOJOKUTENbHBIMH, TaK UTO Mac-
CYy MOXKHO Obl10 Obl Ha3bIBaTh 3apsioM. [1py u3MeHeHnH OpHeHTalMH KPUBOH
JIMHEHHas! TUIOTHOCTb (DMKCHPOBAHHOIO pacripeieieHHst MacC MeHsleT 3Hak.

Pacnpenesenne mace ¢ JIMHEHHOH MJIOTHOCTbIO © BJIOJIb OPHEHTHPOBAHHOH
KPHBOH B €BKJIMJ0OBOM MPOCTPAHCTBE ONpe/eJisieT BEKTOPHYIO MJIOTHOCTb p dS
BJI0JIb KpUBOH. PU3MUECKH MOXKHO MPEJCTABJATh cebe TOHKYH CTPYHKY M3
YACTHLL, IBUKYIIMXCS BJOJb HAlIEH OPUEHTUPOBAHHON KPUBOK CO CKOPOCTHIO
§ = p(x) B TOUKe X, MPUUEM JIMHEHHAST TIJIOTHOCTb CTPYHKH (IO OTHOLIEHHIO K
OPHUEHTHPOBAHHON JUIMHE S BJI0JIb KPUBOH) Be3fe paBHa .

Mo 2xe MO2KHO npejcTaBJsiTh ce6e TOHKYIO CTPYHKY MJIOTHOCTH @ H3 Ya-
CTHIL JIBU2KYLIMXCS BIEPE]L B0Jb KPUBOH C PaBHOH MO MOJYJ0 | CKOPOCTbIO,
TaK 4TO AJIS1 KaXKI0H yacTulpl § = 1.

BekTopHble MJIOTHOCTH, COOTBETCTBYIOLIHE 00EUM ITHM MOJIEJSAM, OJIMHA-
KOBBI: 970 p dS. MoxHO, HanpuMep, UMeTb B BHJly MOJe/b C MJIOTHOCTbIO |
1 CKOPOCTBIO p.

Conep:kanue TeopeMbl 06 HHTerpasie OT pacrpefeseHns BAoJb KayCTHKH
BO BBEJIeHHbIX TEPMHHAX COCTOUT B TOM, UTO UHmMeepan Om aibmepHupy-
owell BeKmopHol naomrocmu pdS 80046 Kaycmuku nepuoduieckoll
pyuryuu, chabacennotl pynkyuetl aurelnot niomrocmu maccol p==+1,
(3Hax mengemcs 8 kKanicOol mouke 80368pama) N0 OMHOULEHIIO K e8KAU-
00801l 0auHe s OPUEHMUPOBAHHOL KAYCMUKIL pager 8ceeda Hyuo.

Jeso B TOM, 4TO, €CJIM (p — apryMeHT HCXOJHOH 2r-MeprHoandeckon QyHK-
MK g, TO, KaK Mbl MPOBEPUJIH, KacaTebHbIH K KayCTHKE BEKTOp JIIMHBI |
MMeeT B COOTBETCTBYIOLIEH ( TOUKE KAYCTHKH KOMIOHEHTBI (COS @, Sin ).

ITOT BEKTOp UMeeT AJHHY eIAMHULA, HO 3A0AHHASL UM OPUECHMAYUL Ka-
Yemuku mMeHaemcs npu npoxoNcoerul Kaidoli mouku 6038pama, max
KaK 3Mmom 8eKmop 3a8UCUM OM @ HeNnpepoui8HO, 4 OPUCHMUDYOUUL
KQYycmuky 8eKmop MeHsaem 3HAK npi NPOXOHOeHUU MOUKI 8038pAMA.

B T0 e BpeMmst «pajiyc KpHBU3HBI» KaycTHkH dS/d ¢, BhipaxkaeTcs uepes
UCXOJIHYIO MepHOJIMUecKylo (hYHKIMI0 g Kak g’ + g”’, ecii OpHEHTHPOBAThH
JUIMHY KayCTHKH HanpaBJieHHeM KacaTeJlbHOro Bekropa (cos @, sing). OTcto-
Jla JUisl HHTerpaJsia oT Hallel aJbTepHUpYIollled BEeKTOPHOH MuoTHOCTH p dS
(p = £1) momyuaercst BbIpaykeHHe B BHJE HHTErpaja mo rnepemMeHHOH ¢ oT O

110 27, ¢ KOMIOHEHTaMH 7{ odS=(p(g' +g")cospdey, f(g’ +g"") sin g do)

(asibTepHUpOBaHHE HHTerpasa ucuesno!). A 3TH WHTErpajbl PaBHbI HYJIO MO
teopeme [typma—TIypBuua. Teopema 06 uHTerpasne oT anbTepHUPYIOLIEH
BEKTOPHOMN MJIOTHOCTH JIOKa3aHa.
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HeckoJbKO ¢JIOB 0 MOBeAEHHH BEKTOPHbLIX MJIOTHOCTEH MpPH MVIaJKHX OTO-
OpaxkeHHsIX (rHanpumep, NpH MPOEKTUPOBAHHK KAyCTHKH HA MPSIMYIO).

[Ipu rnagkom oToGpazKeHHH MeXKay MHOTrooO0pa3usIMM OJMHAKOBOH pas-
MEPHOCTH €CTeCTBEHHO BO3HHKAeT oToOpaxeHue grneped sl BEKTOPHbIX
[VIOTHOCTEH, 3HAUEHHS] KOTOPbIX SIBJISIIOTCS KacaTe/JbHbIMH BEKTOpaMH CO-
OTBETCTBYIOLLHUX MHOrooOpa3uil B COOTBETCTBYIOLIMX TOUKax (Kak 3TO UMeeT
MeCTO, HafpUMep, /s 3J7€MEHTOB KPUBBIX B BEKTOPHBIX MPOCTPAHCTBAX H
JUIsl BEKTOPHBIX TJIOTHOCTEN p dS, onpesieseHHbIX Bbllle).

Oto6pakeHne NepeHOCHT BEKTOPHYIO MJOTHOCTb Ha MHOr00GPasuH-1po-
o0pa3e B BEKTOPHYIO MJIOTHOCTb B MHOroo6pasun-oOpase, onpejessemyto
CJIe/lYIOLIEN eCTECTBEHHOH KOHCTPYKLIMEH (1 Ha3bIBAEMYIO NpAMbIM 00PA3OM
MCXOJHON BEKTOPHOH IMJIOTHOCTH MPH JAHHOM IJIAJKOM OTOOpaXKEeHHH).

Ecsin oToGpaxkenne — nudppeomopdusm, To 3HaueHHe NepeHeceHHOH BeK-
TOPHOH MJOTHOCTH Ha KacaTeJbHOM K MHOroo0pa3uto-o6pasy BeKTope-ap-
rymenTe! onpeesisiercst caeyoeld OueBHaHON KoHCTpyKImeid. CHavaia Mbl
MOJHHUMaeM BEeKTOp-apryMeHT Ha MHoroo6pasue-npoo6pas (paccMOTpUM TaM
TOT KacaTesbHBIH BEKTOP, KOTOPHIH MOCHIIAETCS] B HCXOAHBIH BEKTOp-apry-
MEHT HalM I heoMopdr3Mom). 3aTeM Mbl BBIUHC/INM 3HAUEHHE HCXO-
HOH BEKTOPHOH MJOTHOCTM Ha 3TOM TMOJHATOM BekTope. M, HakoHel, Mbl
OTIPAaBHUM 3TO 3HAUeHHe, JiexKalllee Belb B KacaTeJbHOM MPOCTPAaHCTBE MHO-
roo6pasusi-npoo6pasa obpaTHO BHM3 HA MHOT00Opasne-o6pa3 (Mpu MOMOLIHU
paccmatpuBaemoro auddeomopduama). [lomyuenslil kacaTebHbIH BEKTOP Y
MHOroo6pasuio-o6pasy (B UCXOJHOH TOUKE MPUJIOXKEHHE BEKTOPa-apryMeHTa)
1 eCTb 3HaueHue rnepeHeceHHon 1ndpeoMophu3MoM BEKTOPHOMN MJIOTHOCTH Ha
9TOM BEKTOpe-apryMeHTe.

Ecsan paccmarpuBaemoe riajakoe otobpaxkeHue — He AuddeomMopduam,
TO y OJIHOH TOUKH MHOroo0pasus-oOpasa MOXKeT ObITb HECKOJbKO TO-
uek-1poo6pasos. B stom cayuae 3nauenue npamoeo obpasza ucxoOoHol
B8EKMOPHOLU NAOMHOCMU HA KACAMEAbHOM K MH02000pa3uto-obpasy
B8eKMoOpe-apeyMenme Ha3ol8aemcs CYmMma 8eKmopos, nepeHeceHHolx
8 MOUKY €20 NPUNOICeHUs. U3 8Cex Mmouek-npoobpaizos 0aHol mou-
Ku (npu nomowu onucanHol sviuie 04 dugpgeomopduamos KoHcm-
pyKyuL).

Mol npeanosiaraem 3fechb, UTo paccMmarpuBaeMoe OTOOpaXKeHHe sIBJIseT-
€5l B OKPECTHOCTH KaXKJOH M3 3THX TOUeK-TpooOpa3oB AHpheoMophr3MoM,
T.€. UTO MCXOJHAsl TOuKa MHorooGpasus-obpasa He sIBJsIETCS] KDUTHUECKUM
3HaueHHEM PaccMaTpUBaeMoro oToOpaKeHHusl.

I Crporo roops, aist k-hopM HY»KHO GbIIO Obl HAUMHATL C & BEKTOPOB-ApPryMEHTOB, HO HAM
norpebyercsi cefiuac TosbKo caydail & = 1.
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3ameuanue 3. B COOTBETCTHH C TIpHUBEJEHHBIM OMpeaeSeHHeM TPSIMOH
00pa3 BeKTOPHOH IJIOTHOCTH IPH IVIAJAKOM OTOOPaKeHHH OIpelesieH B TeX
TOuKax MHOroo6pasusi-o6pasa, KOTOpble He sIBJSIOTCSI KPUTHUECKUMH 3Ha-
YEHUSAMH OTOOpaXKeHHsl U UMEIOT JIMLIb KOHeUHOe YHCJIO 1Po0OPa3os.

JIn1si KoHeYHOCTH YncJ/aa NMpooOpa3oB KaxKA0ro HEKPUTHUECKOTO 3HAUYEHHS
JIOCTaTOYHA KOMIIAKTHOCTb OTOOpaXKaeMoro MHoroo6pasust (WM Xotsi Obl
COOCTBEHHOCTb OTOOpaXKeHUsl, T.€. HEKOMMAKTHOCTb Mpoobpasa KaxKaoro
KOMMaKTHOTO MHOXKECTBA).

Ha unrerpupoBanue npsivoro o6pasa ero HeornpeaeseHHOCTb B KPUTHUE-
CKHX 3HAUeHUsIX OTOOpPaKeHHs He BJHUSIET, TaK KaK Mepa MHOXKeCTBa BCeX
KPUTHUECKHX 3HAYEHHH J0CTATOUYHO TVIaJKOr0 OTOOpaXKeHHs1 paBHa HYJII0, TaK
YTO UHTETPUPOBATH (B IOCTATOUHO LLIMPOKOM CMBICJ/IE) MOXKHO 10 MHOXKECTBY
HeKpUTHUeCKHX 3HaueHuH. (CTporo roBops, 3/1ech MPUXOAUTCS JIMOO MOJb30-
BaThCsl HHTerpasom Jlebera, 6o cyKaThb Kaacc oToOpaxKeHHH, HarnpuMmep,
JI0 anreOpanyuecKux).

B HekoTopbIx ciydasix npsiMoil o6pa3 MpoJoJIKaeTCsl W Ha KPUTHUEKOe
3HaueHue oToOpaxKeHHsl (MO HEMPEPLIBHOCTH): Mbl MOKAXKeEM HHXKe, UTO TaK
0OCTOHUT J1eJ10 B TUIIMUHOM MpUMepe 0TOOPaKeHUs MPOEKTHPOBAHUS OKPYK-
HOCTH Ha ee JUaMeTp.

KaycTuka nepriouueckoil pyHKIMM KOMIAKTHA, TaK UTO U MPEKLUs 3a1aH-
HOr0 Ha HEll BEKTOPHOTO pacrpeiiesieHusi, U ee UHTerpaj KOppeKTHO orpese-
Jenbl. M uHTErpast ot 370l PyHKUMH PaBeH HYJIO (TaK KaK UHTerpaJs OT Mpek-
LMY BEKTOPHOTO pacrpejiesieHust paBeH MPOeKLMH HHTerpajsa OT UCXOAHOIO
BEKTOPHOTO pacrpeesnennst B CHJIy JIMHEHHOCTH OrNepalli UHTerpupOBaHUS
¥ BBUJLy OTIpeJiesieHHns npsiMmoro o6pasa).

[pumep 1. Ha eBKINI0BOH OKpY:KHOCTH {x = cos?, y = sint}, napame-
TPU30BAHHOH a3MMyTOM ! TOUKM OKPY:KHOCTH, pacripelesieHHe Macc ¢ JiM-
HEHMHON TJIOTHOCTBIO p 3a1aeT BEKTOPHYIO MIOTHOCTE pdS. Ee 3Hauenue Ha
BEKTOpPE, KaCalolleMCsl OKPY>KHOCTH B TOUKE C a3UMyTOM f, €CTb BEKTOp C
KoMIoHeHTaMu p({) [(— sin £)(dt), (cost)(dt)]. 3nech df — nuHeiliHas uncso-
Basi (PYHKLIMSI OT TOrO KacaTesJbHOrO K OKPY:KHOCTH BeKTOpa-aprymeHTa, Ha
KOTOPOM Mbl BbIUHCJISieM 3HaUeHHe BEKTOPHON MJIOTHOCTH p dS.

[Ipn MpOEKTHPOBAHUH OKPY:KHOCTH Ha OChb X (BIOJb OCH y) 3Ta BeK-
TOpHAs1 MJIOTHOCTb MEPEHOCHUTCST U3 TOUYKH C a3UMYTOM ! B TOUKY X = COS !
OCH X B BHJIe BEKTOPHOM IJIOTHOCTH Ha TPSIMOH, 3aJlaHHON KO3 HUIIHEHTOM
o(H)(—sint)(dt) = p(t) dx (Ha KOTOpPHIIl HAO YMHOXKHTb OGA3UCHBIH BEKTOP
0/0x ocH x, 4TOGBI MOJyUHThL 3HAUeHHe (HOPMBbI).

Touxka x nnacerpa OKpYXKHOCTH HMeeT jABa mnpoobpasa. [lostomy mpsi-
MO# 06pa3 BEKTOPHOU MJOTHOCTH p dS 3ajaeTcs B TOUKe X KO3 HULHEHTOM
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[e(t) +p(t2)](dx), The ¢, 1 t, — a3uMyThl 060HUX MPOOGPA30OB TOUKH X = COS ¢
(Ko3¢hHLMenT onATL yMHOMKaeTcst Ha 0/ 0x).

3ameuanue 4. AToT NpsMoit 06pas rJaIKo NPOJOJKAETCS B KPUTHUECKHE
3HaueHust (x = — £ 1) MPOEKTHPOBAHHUS OKPY:KHOCTH Ha ee JHaMeTp. ITO
cJIe/lyeT U3 TOTO, UTO UeTHasl IJ1ajkas (pyHKLHs epeMeHHol ¥, Bpojae f(y) +
+ [(—y), npencrapasieTcst B BHjE MIAAKOH QYHKIHH OT epeMeHHOM 4.
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